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NLO analytical solutions to the polarized parton distributions,
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By using the Laplace transformation, the analytical solutions of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi evolution equations at the leading-order and next-to-leading-order (NLO) approximations
for the gluon, singlet, and nonsinglet quark polarization inside the nucleon are obtained. At NLO
approximation, a second Laplace transformation is required. Complete NLO calculations need an iteration
method, which we try to employ. As an efficiently mathematical tool, we employ the Jacobi polynomials
to extract the polarized nucleon structure, using the analytical solutions for the polarized parton densities.
Optimum nucleon structure functions are determined by a x> analysis of the available experimental
data, and their uncertainties are estimated by the Hessian method. Our results for nucleon and deuteron
structure functions are in good agreement with all available experimental data and fitting parametrization

models.
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L. INTRODUCTION

The nucleon spin crisis is still one of the most funda-
mental problems in hadron physics. Many experiments in
deep inelastic scattering suggest that just a small fraction
of the spin of the proton is carried by the intrinsic spin of its
quark constituents. This discovery has challenged our
understanding about the internal structure of the proton
and inspired vast experimental and theoretical activity to
understand the role of spin in the proton’s internal struc-
ture. The key question is how the spin of the nucleon is
distributed among its constituent partons. That is, the
determination and understanding of the quarks and gluon
spin distribution functions have became an important issue.

Block et al. in Refs. [1-6] showed that, by using the
Laplace transformation, it is possible to solve the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution equations directly and extracted parton distribution
functions in the unpolarized case. The advantage of using
such a technique is that it is clearer than other methods for
solving the DGLAP equations and also involves numeri-
cally much more efficient outputs. In this method, the
parton distribution functions at arbitrary Q® can be ex-
pressed as a convolution of these distributions at a starting
Q3 with an analytically defined kernel in terms of the
ordinary variables. This technique makes this facility that
the analytical solution for the polarized parton distribution
functions (PPDFs) are obtained more strictly by using the
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related kernels. The outstanding analytical results have
more transparency forms which control the calculations
in a better way.

Following our recent work on analytical calculation of
the polarized gluon distribution function by using the
Laplace transformation [7], in the present paper we try to
apply the new method, initialized by Block et al. [1-3] in
the unpolarized case, to the polarized one to extract the
PPDFs. Since a substantial part of the nucleon spin, about
40%, is carried by the polarized valence quarks, we focus
here first on the valence quark polarization. In addition to
its simplicity and also for transparency, study of the va-
lence quark polarization is the simplest way to test the
analytical solution of the DGLAP equations in the polar-
ized case, based on the Laplace transformation technique.
We then extend our calculations, considering the polarized
singlet and gluon distributions. Therefore using the
Laplace transform technique and finding the PPDFs and
then the nucleon spin structure functions are the main aims
in this paper.

This paper is organized as follows. In Sec. II, we follow
the Block scenario for analytical solutions but in connec-
tion to the polarized DGLAP evolution equations of the
nonsinglet, singlet, and gluon distributions in the leading-
order (LO) approximation. In continuation, we apply this
scenario to the next-to-leading-order (NLO) approxima-
tion. At this order of approximation, it is inevitable to use a
second Laplace transform and employ an iteration process
to obtain the polarized gluon and singlet distributions. In
Sec. 111, Jacobi polynomials and the PPDFs resulting from
the Laplace transformation are used to extract the polarized
nucleon structure functions. In Sec. IV, we discuss how to
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parameterize the polarized nucleon structure function at an
initial value of the energy scale. We then deal with the
evolution of the nucleon structure functions. We introduce
an analysis relating to a global y? in Sec. V. How to
minimize it is also discussed there. Description of the error
calculations is done in Sec. VI. Section VII is devoted to
the results and discussions. Finally, we give our conclu-
sions in Sec. VIIIL

II. ANALYTICAL SOLUTION TO THE
POLARIZED DGLAP EQUATIONS

A. Leading-order case

According to Refs. [1-3], it is possible to solve
analytically the coupled leading- and next-to-leading-order
DGLAP evolution equations to extract the unpolarized
parton distribution functions. This new method is based
on the Laplace transformations. Here we employ this
method in the polarized case and take into account the
polarized parton distribution inside the nucleon. We will
not give the details here and only review the method for
extracting the polarized parton distribution functions.

The DGLAP evolution equations to extract the polarized
nonsinglet (NS), singlet (), and gluon densities can be
written as follows [8—11]:

dm 98 ns( O) = 0 - 2
a, (0% almQ* (6Fxs ® (6Pgq + - *))(x, Q),

(D

47 96Fg(x, Q%)
ay(0*) 9lnQ?

=(8Fs®(8P), +--+)

+8G® (8P, +--))(x, 0%, (2

4 98G(x, Q%) 0 4 ...
2 (09 a0’ = (6Fs® (6Py, + -+ *)

+8G® (8PY + - ))(x 0%, (3)

where SP?J- are the leading-order polarized splitting func-
tions and the ellipses represent the higher-order expansion
of the splitting functions. The ® symbol in the above
equations refers to the convolution integral in which the
splitting functions in the right-hand side of Egs. (1)-(3) are
in fact functions of a variable such as 7.

By using the new variable 7 = ;- gz a,(0%)d1In 07,
0

and also x = ¢ ¥ and z = ¢ ", then the DGLAP evolu-
tions in Egs. (1)—(3) can be written in terms of the 7, v, and
w variables as three coupled ordinary first-order differen-
tial equations. Following that by Laplace transformation,
the convolution integrals in DGLAP evolutions can be
converted from v space to s space [6]. Therefore we arrive
at the following equations:
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a?;NS (s, 7) = 8DPLI(5)8 s (s, 7),
8655 (s,7)= 5®I§O(s)5f5(s, )+ 8@15‘0(s)5g(s, 7), (%)
a0g

y(s, )= 8PLO(s5)8g(s, ) + 8OLO(s)8fs(s, 7).
As is obvious, 6®’s and d¢’s in Eq. (4) are related to the
Laplace transform of splitting functions in the s space. The

analytical expressions for the LO coefficients §®© and
8O0 can be found in Ref. [4].

1. Nonsinglet solution

We follow the method in Ref. [1] to obtain an analytical
solution for the polarized parton distributions. Below, we
describe briefly how to get the analytical solution for the
distributions of the nonsinglet sector.

Using the new variables v, w, and 7 for the nonsinglet
sector, Fys(x, Q%) in Eq. (1), which are related to the
valence quark distributions, we achieve

96Fxs

. fv 8 Fyns(w, T)e*(”*W)cSPI,;,(I)‘“S(v —w)dw. (5)
T 0

The Laplace transformation of Eq. (5) will give us a
linear differential equation in terms of s and 7 variables
whose solution can be presented by [see Eq. (4)]

8fns(s, ) = eS8 s (s). (6)

Now, by using the kernel §Kys(v, 7) = L_l[e“s‘l’ﬁ(s)("); v],
the nonsinglet sector 8 Fys(x, Q) can be obtained via the
convolution integral as in the following:

SFys(v, 7) = f Y SKns(v — w, 7)8Exs(w)dw. (7
0

It is obvious that 6 Fyg(w) in the right-hand side of Eq. (7)
is related to this quantity at the initial energy scale. The
final result in (x, Q%) space can be obtained by using the
appropriate change of variable, v = In (1/x).

2. Singlet and gluon solutions

With the initial conditions for singlet and gluon sectors
of distributions, which are denoted by 5/3(s) and 8g°(s),
respectively, their evolved solutions in the Laplace s space
are given by [5]

8f (s, 7) = Skss(s, 7)BfY(s) + Skyy (s, 7)88%(s),

88(s, 7) = Bkyy(s, )88 (s) + Skys(s, )8 f4(s),
where the o0k’s in Eq. (8) have been introduced in
Refs. [1,6].

The decoupled solutions of the polarized singlet and

gluon distributions in (v, 7) space can be written by the
following convolution integrations:
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O, 01 = [ Kpslv = w. (0% O)6Fs(widw
+ [ Keolv = w (0% 0)8Gs 0,
0Gs(1.0) = [ Kaolv = w. (€% 09)6Gstw)dw

+ [ Kor(v — w, (02, 02)8Fs(w)dw,
0
©))

where K’s are the inverse Laplace transform of k’s in
Eq. (8). As in Eq. (7), 6F and 6Gy are related to singlet
and gluon distributions, respectively, at the initial value

of Q().
Recalling that » = In(1/x), we can finally back the
above solutions into the usual Bjorken-x space.

B. Next-to-leading-order case
1. Nonsinglet solution

For the nonsinglet distribution &Fyg(x, Q?), the loga-
rithmic derivative of 6 Fyg can appear schematically as the
convolution of 8Fyg(x, Q%) with the nonsinglet splitting
functions 8PLY™S(x) and 8Py ONS(x) for LO and NLO
approximations, respectively, i.e.,

47T 85FNS(x, Q2)
a,(Q%) 9In(Q%)

= 8Fys ® (5PL0 NS a4§:) PNLONS>( 0%). (10

After changing to the required variables which have
been introduced in [1], we arrive at

d8F,,

(v, 1) = [()V 5Fns(w, T)ef(”fw)<8P]q“c?’nS(V - w)

a\T
+ 2D 5o,

yym — w))dw. (1D

Going to Laplace space s, we obtain a linear differential
equation with respect to the 7 variable for the transformed
S fns(s, 7). Therefore we will arrive at

ﬂgﬁmjy:@¢$@y+ ”%@%%gmmrg
(12)
This has the simple solution
8fns(s, ) = eTPsS A (s), (13)
where
&%ggsa¢£@yh§&w$@) (14)

The 7, quantity in Eq. (14) is defined by [1]
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_ ) 1
:_fsmw—my

f a2(Q?)dnQ? (1)

which results from the integration of Eq. (12) with respect

to 7. By substituting the expression for the differential of 7,

ie, dr=7-a(0?dInQ?, in the left-hand side of

Eq. (15), we arrive at the right-hand side of this equation.
The required expressions in Eq. (14) are given by

SPL(s) = Le V8PLY™(e7"); 5],

(16)
SDPRO(s) = ﬁ[e_”BPNLONS(e_”);s].

The evaluation of S®NLO(s) is straightforward but too
lengthy to be shown here. The analytical results for the
polarized splitting functions in the transformed Laplace s
space at the NLO approximation are given in Appendix A.

We can find any nonsinglet solution, §Fyg(x, Q%), by
using the nonsinglet kernel K, (v) = L7 '[e7®s®); p] in
the Laplace convolution relation:

8F\s(v, 7) f K, (v —w, 7)8FY Ns(w)dw 17)

and then returning to (x, Q%) space, using the appropriate
change of variable, v = In (1/x).

2. Singlet and gluon solutions

Here we wish to extend our calculations at the NLO
approximation for gluon and singlet sectors of the polar-
ized parton distributions. In this case, to decouple and
solve DGLAP evolutions in Eq. (4), we need an extra
Laplace transformation from 7 space to U space, where s
is a parameter in this new space. From now on, the
a(1)/47 is replaced for brevity by a(r). Therefore the
coupled DGLAP evolution equations can be converted to

USF(s, U) — 8f3(s) = SDPLO(5)8 F (s, U)
+ SPYLO(s) LIa(r)8 f5(s, 7); U]
+ 60L0(5)8G(s, U)
+ 60§0(s) L[a(1)8g(s, 7); U]
UsG(s, U) — 68°(s) = 6PLO(s)6G(s, U)
+ 8®YO(s) LIa(r)6g(s, 7); U]
+ 80L°(5)8 F(s, U)
+ 80O(s) LIa(1)6f (s, 7); U].
(18)

In writing the above expressions, we use the conventions
which were introduced in Ref. [1].

The desired coupled algebraic equations for singlet and
gluon distributions which are denoted in U space by
8F(s, U) and 6G(s, U) in Eq. (18) can be solved simulta-
neously, and we will arrive at
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(U= 8D,)6f%s) | 60588°s)

T U =—Fw.y) DUS
(U= 8Dg)8g%s) | 80,819(s)

o606 U) =705 D(U.s)

In deriving Eq. (19), which is based on Eq. (18), we assume
a simple parameterized form for a(7) so a(r) = a,. This
will be more clarified when we consider a(7) as a function
with three unknown parameters. The denominator D(U, s)
in Eq. (19) has been defined in Ref. [1].

The NLO contributions of the polarized splitting
functions in Laplace s space correspond to the following
expressions:

SDg(s) = SDLO(s) + agdPYO(s),
8D (s) = SDPLO(s) + agdDPYO(s),
504(s) = §OLO(s) + ar60FO(s),
80,(s) = 60OLO(s) + agdOFO(s).

(20)

In Eq. (20), a, is a parameter which can be obtained via
fitting procedure as we will do in the next sections. To do
more precise calculations, an excellent approximation to
a(7), accurate to a few parts in 10%, can be given by the
expression

a(t) = ag + aje "7, 21

where the constants a; and b; like a, are found by a
least-squares fit to a(7). Therefore the Laplace transforms
Lla(7)f(s, 7); Ul and La(7)g(s, 7); U] needed in Eq. (18)
can be written as [1]

1
ﬁ[a(T)(Sf(s, T), U] = Z ajﬁf(s, U+ bj)’
. (22)

Lla(T)ég(s,7);U]= iajﬁg(s, U+b;), by=0.
=0
Equation (18) can be finally rewritten as
[U = 6D(s)]6 F (s, U) — 604(5)8G(s, U)
= 5f%s) + a,[6DPYC(s)8 F(s, U + by)
+ 60%0(5)6G(s, U + by)],
—080,(s)6F (s, U) + [U — 6P,(5)16G(s, U)
= 6g%s) + a1[8®?Lo(s)8f(s, U+ b))
+ 8DYO(s)8G(s, U + b)) (23)

The solutions of Eq. (23) can be obtained via an iteration
process. The parameter a, which is inserted in expressions
for the polarized splitting functions in s space [see
Eq. (20)]Jwould be quite small. To get to the solutions of
Eq. (23) for 8F and 8G, we first consider the simple
solutions to Eq. (23), called 6 F,(s, U) and 8G,(s, U),
that result from setting a; = 0, i.e., the equations

PHYSICAL REVIEW D 87, 114012 (2013)

[U = 8D ()6 F (s, U) — 604(s)6G,(U) = 8f§(s),
=80 ,()8F1(U) + [U — 8D(5)]6G (s, U) = 8g5(s),
(24)

whose solutions are like Eq. (19).

We now construct an iterative solution to Eq. (23) for
8F and 6G. To achieve the first iteration solution and in
order to fulfill Eq. (22), we need to change the arguments
of 8F(s, U) and 6G(s, U) in Eq. (24) so these functions
appear as 8 F(s, U + b;) and §G(s, U + b;), respectively.
Therefore the solutions of Eq. (24) for 6 F and 8§ but with
the new argument as U + b; are our first approximation
solutions in the iteration processes. We represent them by
8F (s, U+ b)) and 6G,(s, U + b,), respectively.

Now to complete the calculations and to achieve the
second step of the iteration process, the parameter a,
which before was not considered should be used. This
can be done by replacement of 5f3(s) and 8g°(s) with
new expressions so

8f3(s) = 8f3(s) + a)[®FO()8F (s, U + by)
+ 5®¥Lo(s)8g1(s, U+ b))l
88%(s) — 8g°(s) + a;[6OFO(s)6 F (s, U + by)
+ 8DYO(5)8G (s, U + by)]. (25)

Replacing these new expressions for §£9(s) and 5g°(s)
in Eq. (24) and solving it simultaneously will yield 6 F and
8G at the second step of iteration, which we call
SF,(s, U + by) and 6G,5(s, U + b,), respectively.

Continuation of the iteration process is obvious. At the
third order of iteration, we just need to replace 5f3(s) and
6g°(s) in Eq. (24) with new ones as in Eq. (25) but with the
difference that in the right-hand side of this equation we
should change 8F (s, U + b;) and 8G,(s, U + b;) to
8F,(s, U+ by) and 8G,(s, U + b;). Solving Eq. (24)
with these substitutions will yield 6 F and 6§, which are
denoted now by 8 Fs(s, U + b;) and 6G;(s, U + b), re-
spectively, as the solutions at the third order of iteration.

This iteration can be continued to any required order in
which we get to a sufficient convergence for the solutions.
The result of iteration at higher order contains very lengthy
expressions for 8 F; to 8G; which make the numerical
computations very hard. On the other hand, the corrections
which we get up to the second order of iteration are sufficient
to us to give the results in good agreement with the available
experimental data and some fitting models. Therefore we
here just end the calculations after two steps of iterations.

Using the inverse Laplace transform we can back from
U space to 7 space which will yield the following expres-
sions for singlet and gluon distributions:

8f(s, 7) = kpslay, by, s, )8f3(s) + kpo(ay, by, s, 7)58%(s),
5g(s) T) = kgg(al) bl) S, T)Sgo(s) + kgf(al) b]! S, T)ng'(s)
(26)
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The analytical expressions for k(a;, b;, s, 7)’s function up
to two steps of iteration are given in Appendix B. The
numerical values which we get for the unknown parame-
ters in Eq. (22) at this order of iteration resulting from the
fitting procedure are as follows: ay = 0.0037, a; = 0.025,
and b; = 10.7.

After numerical Laplace inversion in Eq. (26) from s to
v space, we can write the decoupled solutions in (v, 7)
space as the convolutions defined by Eq. (9). Finally,
recalling that » = In(1/x), the above solutions can be
transformed back into the usual Bjorken-x space and vir-
tuality Q?, enabling us to write the NLO decoupled solu-
tions 8F,(x, 0?) and 8G(x, Q%), which require only a
knowledge of 8F(x) and 8G(x) at Q3, where evolution
started. We use these analytical solutions for polarized
parton distributions in the next sections to extract polarized
structure functions for the proton, neutron, and deuteron.

III. POLARIZED NUCLEON STRUCTURE
FUNCTION, BASED ON THE JACOBI
POLYNOMIALS APPROACH

We perform here an LO and NLO fitting of the polarized
parton distributions using Jacobi polynomials [12-15] to
reconstruct the x-dependent quantities from their Laplace
moments. The use of Jacobi polynomials has a number of
benefits; specifically, it will allow us to factorize the x and
Q? dependence in a manner that allows an efficient pa-
rametrization and evolution of the structure functions. For
example, if we consider the spin structure function
xg,(x, 0?), we can expand this as

Nmax

xgi(x, 01 = xF(1 =0 Y a,(0)07F(x). (27
n=0

Here, ©@%# (x) are Jacobi polynomials of order n, and N,
is the maximum order of our expansion. As we inferred in
above, using the Jacobi polynomials has this advantage to
allow us to factor out the essential part of the x dependence
of the structure function into a weight function and the Q?
dependence is contained in the Jacobi moments a,(Q?).

To be more specific, the x dependence of the Jacobi
polynomials can be written as

018 () = 3 (a, ), (8)
=0

where the cﬁ”)(a, B) coefficients are combinations of I’
functions involving n, «, and B parameters. The Jacobi
polynomials satisfy an orthogonality relation with weight
function x#(1 — x) as follows:

f L1 — 0 000 (x) = 5. (29)
0

Thus, given the Jacobi moments a,(Q?), the polarized
structure function xg,(x, Q%) may be reconstructed from
Eq. (27) [16,17].
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We can compute the Jacobi moments a,(Q?) by using
the orthogonality relation to invert Eq. (27) to obtain

a,(01) =Y /e, B)Llxgi, s =j+1]1  (30)
Jj=0

In Eq. (30), we have substituted Eq. (27) for xg, (x, Q) and
employed the Laplace transformation:

Lxg,, s]= f: dveVxg,(x, Q?). (31)

On the right-hand side of Eq. (31), the x variable is taken as
e~ ”. For the final result in the left-hand side of Eq. (31), the
change of variable as v = In (%) is used to back us to the
usual x space. We can now relate the polarized structure
function xg,(x, Q%) with its moments [16,17] as in the
following:

N,

max

xgi(x, 0%) = xP(1 —x)* Y 5P (x)

n=0

X i cﬁ-")(a, B)L[xg,s=j+1] (32)
=0

J

Given Eq. (32) for xg,(x, Q?), we choose the set
{Nmax, @ B} to achieve optimal convergence of this series
throughout the kinematic region constrained by the data. In
practice, we find N, =9, o = 3.0, and 8 = 0.5 to be
sufficient. We are then able to express xg; in terms of nine
unknown parameters, for instance, at an input scale of
Q3 = 4 GeV2. We now examine the fits to the spin struc-
ture functions to extract the PPDFs from the available data.

IV. QCD ANALYSIS OF PPDFS
AND THE PARAMETRIZATION

A. Parametrization

We consider a proton comprised of massless partons
with helicity distributions g (x, Q) which carry momen-
tum fraction x with a characteristic scale Q. The difference
dq(x, 0%) = g, (x, %) — g_(x, Q%) measures how much
the parton of flavor ¢ “remembers” of the parent proton
polarization. We will parameterize these PPDFs at initial
scale Q3 = 4 GeV? using the following form:

x8q(x, QF) = N m x%(1 — x)Pa(1 + c,x), (33)

where the polarized PDFs are determined by parameters
{n, a4 b, c,;} and the generic label ¢ = {u,, d,, g, g} de-
notes the partonic flavors up-valence, down-valence, sea,
and gluon, respectively. The normalization constants N,

SR P Y \Ba, b, +1), (34
Nq_< anq-i-bq-i-l) dgp byt D (3D

are chosen such that 7, are the first moments of §¢;(x, Q%),
where B(a, b) is the Euler beta function.
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The total up and down PPDFs are a sum of the valence
plus sea distributions: u = du, + 67 and 6d = éd,, + 64.
We will assume an SU(3) flavor symmetry such that 6§ =
8ii = 8d = 8s = 85, while we could allow for an SU(3)
symmetry violation term by introducing « such that ds =
65 = k04, as the strange PPDF is poorly constrained. The
results would be insensitive to the specific choice of «.

As seen from Eq. (33), each of the four polarized parton
densities ¢ = {u,, d,, g, g} contains four parameters
{n, a, b, c,}, which gives a total of 16 parameters which
should be determined. We now demonstrate that we can
eliminate some of these parameters while maintaining
sufficient flexibility to obtain a good fit.

1. First moments of éu,, and éd,,

The parameters 7, and m, are the first moments of
the ou, and &d, polarized valence quark densities; these
quantities can be related to F and D as measured in
neutron and hyperon B decays according to the following
relations [18]:

1
a5 — f dxdgy = mu, — M4, = F+ D, (35)
0

1
ag =f dxbqg =
0

where a; and ag are the nonsinglet combinations of
the first moments of the polarized parton densities
corresponding to

Ny, T Ma, =3F — D, (36)

TABLE 1.

PHYSICAL REVIEW D 87, 114012 (2013)
8qy = (u + &it) — (8d + 8d), (37)

8qs = (Su + 8i1) + (8d + 8d) — 2(8s + 85).  (38)

A reanalysis of F' and D with updated 3-decay constants
will yield F = 0.464 = 0.008 and D = 0.806 = 0.008
[18]. With these values we find

M., = +0.928 * 0.014, (39)

74, = —0.342 = 0.018. (40)

The errors of parameters in Eqs. (39) and (40) are the
systematical ones, and we fix the numerical values of
these parameters in our fit. Therefore we make use of
M., and n, to reduce the number of parameters by two.

2. Gluon and sea quarks

We find that the factor (1 + ¢,x) in Eq. (33) provides
flexibility to obtain a good description of the data, particu-
larly for the valence distributions u,, and d,,. Thus we will
make use of the ¢, coefficients for the up-valence and down-
valence distributions; in contrast, we are able to set the
values for ¢; and ¢, to zero (¢; = ¢, = 0) while maintain-
ing a good fit and eliminating two free parameters. For the
¢y, and ¢, parameters, we find the fit improves if we use
nonzero values, but as these are relatively flat directions in y
space we shall fix the values as detailed in Table I.

Separately, we find that the b parameters control the
large-x behavior of the PPDFs; thus, the sea quark and

Final parameter values and their statistical errors in the MS scheme at the input

scale 03 = 4 GeV?, in the LO and NLO approximations.

ou, Ny, 0.928 (fixed) 6q ur —0.0661 * 0.0315
a,, 0.197 = 0.0035 a; 0.258 = 0.04763
b,, 2.325 £0.0481 b; 8.3 (fixed)
Cu, 20.45 (fixed) g 0

éd, N4, —0.342 (fixed) g Mg 3.393 = 3.072
ag, 0.234 = 0.0169 a, 0.837 = 1.67
by, 3.129 £ 0.138 b, 2.797 (fixed)
Cq, 30.0 (fixed) Cy 0

A =0.289 = 0.017 GeV
x?/D.O.F. = 305.21/370 = 0.824
NLO

ou, N, 0.928 (fixed) 6q 15 —0.0599 = 0.0022
a,, 0.339 = 0.022 a; 0.814 = 0.0356
b,, 2.434 = 0.032 b; 3.124 (fixed)
Cu, 28.9 (fixed) g 0
urs —0.342 (fixed) g Mg 2.623 = 0.551
ag, 0.199 = 0.0084 a, 5.895 (fixed)
by, 2.373 £ 0.0769 b, 9.34 (fixed)
Cq, 26.57 (fixed) Cq 0

A =0.2011 = 0.0441 GeV
x%/D.O.F. = 300.205/370 = 0.811

114012-6



NLO ANALYTICAL SOLUTIONS TO THE POLARIZED ...

0.5 T T T
2 2
— 041 Q=4 GeV b
u 03 - —
2 031 LO
3’5
0.2 e
&
0.1
0 d d d _0'2 | | |
0.0001 0.001 0.01 0.1 1 0.0001 0.001 0.01 0.1 1
X x
0 5 T
41 ]
o 0005 E — 3k ]
) S ;
‘5 -0.01 e E ]
= So 1 ]
] ) __J\
= .0.015 g 20
1+ 4
-0.02 ! ! ! 2 ! ! !
0.0001 0.001 0.01 0.1 1 0.0001 0.001 0.01 0.1 1
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FIG. 1 (color online). The polarized quark densities in the LO
approximation as a function of x at initial energy scale Q3 =
4 GeV?, resulting from our fit. Yellow (light gray) regions
indicate the error bands.

gluon distributions have large uncertainties in this region,
as they are dominated by the valence. To provide some
guidance, we observe that, for the polarized parton
densities in the large-x region, a ratio of b;/b, ~ 1.6
provides a good fit. Therefore we impose this ratio on the
polarized b; and b, parameters to further reduce the free
parameters. Additionally, we are able to extract reasonable
constraints on the ag and a, parameters; this is a benefit of
the Jacobi polynomials.

Having fixed 7, , n4, c;, and ¢, parameters and the
ratio b; /b, in preliminary minimization, we then set the b,
b, c,,,and ¢, parameters as indicated in Table [; this gives
us a total of nine unknown parameters, in addition to

a,(Q7).

T T 0

) 2
& 00 =4 GeV e
Q 03} 4 0.05 g
= NLO Ny
- -
= 0.2 1 "3;
‘g S 01 .
= 01| =
1 1 Il Il
A 0.001 0.01 0.1 1
X
5 —rr
4 - -
3 - -
2 - -
1k i
-0.03 L L t
0.001 0.01 0.1 1 0.001 0.01 0.1 1
X X

FIG. 2 (color online). The polarized quark densities in the
NLO approximation as a function of x at initial energy scale
Q3 = 4 GeV?, resulting from our fit. Yellow (light gray) regions
indicate the error bands.
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Having equipped to required inputs, we depict in
Figs. 1 and 2 our predictions for PPDFs at Q3 = 4 GeV?
which we choose as the initial energy scale in the fit.

B. DGLAP evolution

In the Jacobi polynomial approach, the DGLAP evolu-
tion equations can be solved in the Laplace space. The
Laplace transformation of the parton densities 6q are
defined analogous to that of Eq. (31) as follows:

L[8g(x=e"",05).5]= 6q(s, 0})
= fooe*“’b‘q(x: e v, 0%)dv

0

+a
=Nqnq(1+ ! )B(s+aq,bq+1),

co— - %1
“s+a,+b,+1
41)

where ¢ = {u,, d,, g, g} and B is the Euler beta function.

In the Laplace space, the LO contribution to the polar-
ized proton and neutron structure function, xg, (s, Q%), can
be represented in terms of the polarized parton densities by

1
Llxgl s] =53 e % [8q(s, 0%) + 84(s, 0] (42)
q

Lagy, 1 = LTxgl, 51 - ¢ (L, 51 - Lldy 5D @43)

At the NLO approximation, the polarized structure func-
tion xg¥ (s, 0?) and xg" (s, Q%) in s space can be written by

Llxgh, s]= %eé[%(l + éﬁcq(s)) X (8q(s, 0?)

+0q0s.07) + 3 (2 9,6) x 505,02 ]
(44)

1
Llxgt, s]= Llxgl, 51— ¢ (Lluy, 5]

- I[d, s])(l % ch(s)). (45)

Here, the sum runs over u, d, s quark flavors, and the
polarized quark, antiquark, and gluon distributions are
represented by &g, 6g, and dg, respectively. The analytical
expressions for Wilson coefficients dc,(s) and dc,(s) in
Laplace transform s space are given in Appendix A.

C. The g, structure function

Now, by having the g, structure function, one can cal-
culate the g, structure function in the LO and NLO ap-
proximation via the Wandzura-Wilczek [19,20] expression
as in the following:

d
(5 0% = —gl(x, 0?) + [ ‘%g{’(y, 0. (46)
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0.4 ——————rr
' ®  E143 1.49<0’<8.85 GeV?
0.3 A SMC 1.49<0°<118
---- LO 2 2
—— NLO Q =5 GeV
0.2
0.1

xg,” (x,Q%)
[—)

g
0.001 0.01 0.1 1
X

FIG. 3 (color online). The polarized structure function xg, at
Q? = 5 GeV? as a function of x in LO and NLO approximations.
A comparison with the available experimental data [21,22] has
also been done.

Figure 3 shows our prediction for xg, in comparison
with the available experimental data from the Spin Muon
Collaboration (SMC) [21] and E143 [22] data groups
which are in very good agreement with them.

TABLE II.

PHYSICAL REVIEW D 87, 114012 (2013)
V. QCD FIT OF xg,(x, 0%) DATA

In our analysis, we investigate the QCD evolution of
the massless parton densities at the LO and NLO ap-
proximation, using a number of active flavors, Ny = 3 in
the fixed-flavor number scheme. These assumptions
make our fitting procedure efficient numerically. For
the polarized proton structure functions, we use the
European Muon Collaboration (EMC) [23], HERMES
[24,25], SMC [21], E143 [22], E155 [26], and
COMPASS [27] data. For the neutron one, the E142
[28], HERMES [24,25], and E154 [29,30] data have
been used, and for the deuteron, we use the data from
SMC [21], E143 [22], E155 [31], and HERMES [24]
experimental groups. In Table II, we list briefly the
related information of the used data.

We minimize the global y? as follows [32-34]:

Xioval = D WX (47)
n

where the sum n runs over the different experiments, w,, is
a weight factor for the data of the nth experiment, and y? is
given by

o (2 (T
" AN, - N,Ag?
Here, g7, Ag{7, and g{$" denote the experimental

measurement, the experimental uncertainty (statistical
and systematic combined in quadrature), and theoretical

Published data points with the measured x and Q? ranges, including the number of

data points (with a cut of 0% = 1.0 GeV?) and the fitted normalization shifts 7V';.

Experiment X range 07 range [GeV?] # of data points N,
E143 (p) 0.031-0.749 1.27-9.52 28 0.995 69
HERMES (p) 0.028-0.66 1.01-7.36 39 1.0010
SMC (p) 0.005-0.480 1.30-58.0 12 0.999 62
EMC (p) 0.015-0.466 3.50-29.5 10 1.0021
E155 0.015-0.750 1.22-34.72 24 1.01578
HERMESO06 (p) 0.026-0.731 1.12-14.29 51 0.99729
COMPASSI10 (p) 0.005-0.568 1.10-62.10 15 0.98817
Proton 179

E143 (d) 0.031-0.749 1.27-9.52 28 1.001 19
E155 (d) 0.015-0.750 1.22-34.79 24 1.001 37
SMC (d) 0.005-0.479 1.30-54.80 12 0.99999
HERMESO06 (d) 0.026-0.731 1.12-14.29 51 1.0019
Deuteron 115

E142 (n) 0.035-0.466 1.10-5.50 8 0.999 89
HERMES (n) 0.033-0.464 1.22-5.25 9 0.999 89
E154 (n) 0.017-0.564 1.20-15.00 17 1.00037
HERMESO06 (n) 0.026-0.731 1.12-14.29 51 1.002 08
Neutron 85

Total 379
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value for the ith data point, respectively. AN, is the
experimental normalization uncertainty, and 2N, is an
overall normalization factor for the data of the nth experi-
ment. We allow for a relative normalization shift /N,
between different data sets within uncertainties AN,
quoted by the experiments.

We minimize the above y? value with the nine unknown
parameters. The values of these parameters are summa-
rized in Table I. We find y?/d.o.f. = 305.21/370 = 0.824
for LO approximation and x?/d.o.f. = 300.21/370 =
0.811 for the NLO approximation, which is less than the
LO one as we are expecting and yields an acceptable fit to
the experimental data.

VI. THE ANALYSIS OF THE ERROR
CALCULATIONS

The evolved polarized parton densities and struc-
ture functions are attributive functions of the input
parameters. Let g(x, Q% p;|*_,) be the evolved distri-
bution at Q2 depending on the parameters p;|*_;.

0 L5q1(s) _

(1+by)d,(s+a, +b,+1+(s+a,d,)

PHYSICAL REVIEW D 87, 114012 (2013)

Then its correlated error as given by Gaussian error
propagation is [35]

ASq(x, 0?) — {ﬁl(ii")zc@ P

zk: (aéq @>C(p,-, p,-)}%, (49)

i£=1\9P;i 9p;

where C(p;, p;) are the elements of the covariance ma-
trix obtained in the QCD fit procedure at the scale Q(z).
The covariance matrix does not change when the evolu-
tion is done in Mellin or Laplace space. That means it
can be used at any scale of Q?. The gradients 8g/dp;
at this scale can be calculated analytically. Its value at
Q? is calculated by evolution, and the gradients evolved
in desired space are then transformed back to x space
and are used according to Eq. (49). Here we give an
example of the gradient for the polarized valence distri-
butions ¢ = u,,, d, in Laplace space, based on the final
variable parameter a,:

(B(s +a,l+ bq)<—

(e
X1+ 1+
1+aq+bq

aaq

(s +a,)d,
s+aq+bq+1

(I1+a,+b)(s+a,+b,+1)

—(¢lay) — (1 +a, +b,)

)+(¢(s+aq)— (s +1 +aq+bq))(1 +“47dq)

1+aq+bq

><<1 N (s+aq)dq )
s+]+aq+bq

This equation helps us to obtain the required gradients to
follow the error calculations for the polarized structure
functions g%, g%, and g?.

A. Neighborhood of global
minimum via Hessian method

Here we just present the essential points of the Hessian
method. The full procedure is provided in Refs. [36-38].

As we mentioned in the first part of Sec. V, we can find a
set of the appropriate parameters which minimize the
global y? function and denote this PPDF set by S,. Let
us present these parameters by p(l)... pY as we did in
Sec. VI. By moving the parameters away from their ob-
tained values, X3, increases by the amount of A xg .-

d
A/\/élobalzf\/élobal_/\/(z)z Z Hij(Pi_P?)(Pj_P?), (5D
i=1

where the Hessian matrix H;; is defined by

2,2
0 Xglobal

1
H;=- , 52
i =2 apiap, (52)

min

Q+b,)d (1+b,+a,1+4d)) a,d 2
tli+a, +qbq>(sf1+qaq+b:>2)"‘f)/(3(“‘f’l o1 )

a, + bq
(50)

[

and we note that in Eq. (49) C = H~!. Now it is convenient
to work in terms of the eigenvalues and eigenvectors of
covariance matrix

Z Cijvjx = Mvip (53)
=

where C;; is the ijth component of covariance matrix and
A, and vy are the kth eigenvalue and ith component of the
kth eigenvector, respectively. Also the displacement of
parameter p; from its minimum pY can be expressed in
terms of rescaled eigenvectors e;; = /A vy:

n
pi— P =D epz (54)
k=1

Replacing Eq. (54) in Eq. (51) and considering the or-
thogonality of v, we obtain

AXgiobal = Z 2 (55)
k=1

Now the relevant neighborhood of Xéloba] is the interior of
the hypersphere with radius 7"
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100

- - N

oo oo

50

AX

-10 10

FIG. 4 (color online). A x? as a function of ¢ for some random
sample eigenvectors in the LO approximations. The solid line is
the ideal case, Ay? = 2.

Y a=r1? (56)
k=1

and the neighborhood parameters are given by
pilsy) = p? = tey, (57)

where s, is the kth set of PPDFs and ¢ is adapted to make
the desired 7 = (A )(élobal)% and t =T in the quadratic
approximation. In Sec. V, we indicated the dependence
of A /\/élobal along some random samples of eigenvector
directions to test the quadratic approximation of Eq. (51).

In the preliminary QCD fit process we let all input
parameters vary and investigate the global behavior of
Ax?. We observe global Ay? increase consumedly in
some points, and a big amount of redundance in parameters
happens. This redundancy results in disorder of quadratic

100

SRR

50 b

A

0
-10 -5 0 5 10

FIG. 5 (color online). A x? as a function of ¢ defined for some
random sample eigenvectors at the NLO approximations. The
solid line is the ideal case, A x> = 2.

PHYSICAL REVIEW D 87, 114012 (2013)

behavior of global A y?. In order for the Hessian method to
work well, we need to fix some parameters at their best
obtained values so that the Hessian matrix depends on the
number of parameters which are independent sufficiently
for the quadratic behavior of global A y2. To complete the
calculations, we need to detail constraints in parameter
space along some random samples of eigenvector direc-
tions and eigenvalues. The curves for some values of A, are
very close to the ideal quadratic curve A y> = #> as can be
seen in Figs. 4 and 5 at LO and NLO approximations.
Therefore we see some departure of the ideal quadratic
curve, which indicates that the quadratic approximation is
almost adequate, though imperfect.

VII. RESULTS AND DISCUSSION

In this section we present the results that have been
obtained for the PPDFs, using the Laplace transformation
technique to solve analytically the DGLAP evolution equa-
tions. We depict in Fig. 6 the polarized proton structure
function at the LO approximation in which comparison
with the available experimental data and some fitting pa-
rametrization models has also been done. In Fig. 7, we plot
at LO and NLO approximations the proton, neutron, and
deuteron structure functions at different energy scales and
compare them with available experimental data [22]. To
avoid having the figures with crowded plots, the compari-
son with some fitting parametrization models has been
discarded in this figure and the following ones. In Fig. 8,
we compare our results for the nonsinglet spin structure
function [g)® = {(6u,(x)) — 8d,(x))] with those from
SMC, E143, and HERMES Collaborations [21,22,24,39].
We use from the SMC data group and depict in Fig. 9 the
xg! structure function at Q> = 10 GeV? in the LO and

0.1 . . 0.1 . .
_oos _* Ll a°=2 GeV? % 1 _0o8r  gacev’ .
o _
Q 0.6} G o.06f ,;}‘“ g
X 2 A
a a A 3
5 0.04 5 0.04F 7
® ® P \
0.02f 0.02f J .
_ \
0 0 e S -
0.001 0.001  0.01 0.1 1
b'¢
0.1 . . +
__oo8p L & HERMES AR A
o
§ 006 | @=2.5Gev? +_
= )
5 0.04
e \
0.02f by
. %
0 : 0 L
0001  0.01 0.1 1 0.001 0.1 0.1 1

FIG. 6 (color online). Proton spin structure function, resulting
from our model (solid curve) at LO approximation and its
comparison with some fitting parameterizations [35,43—-46] and
SMC [21], E143 [22], and HERMES [25] experimental data
groups.
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FIG. 7 (color online).
data [22].
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Proton, neutron, and deuteron spin structure functions at LO and NLO approximations with E143 experimental
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FIG. 8 (color online).
and NLO approximations. A comparison with the available
experimental data SMC [21,39], E143 [22], and HERMES

Nonsinglet spin structure function at LO

[24] has also been done.

FIG. 9 (color online).
and NLO approximat

Proton spin structure function at the LO
ions at Q% = 10 GeV? and its comparison

with SMC experimental data [22].
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FIG. 10 (color online). Neutron spin structure function at the
LO and NLO approximations at Q> = 5 GeV? and its compari-
son with the available experimental data [30].

each parton to the spin of the proton. In the LO approxi-
mation, the first moments for valence and sea distributions
are constant, and only the first moment for the gluon
changes by Q%. For PPDFs at Q% = 4 GeV? we get

Au, = 0928,  Ad, = —0.342,
AG = —0.0661596,  Ag = 3.39328.

(58)

For the gluon distribution at Q> = 100 GeV? we get
Ag = 4.626 63, which indicates that the first moment of
the gluon polarization has been changed dominantly with
respect to its previous value, as we expect. At the NLO
approximation these first moments are not constant and
will change by Q2. The results are tabulated in Table III.
The behaviors of changing the first moments with respect
to Q* are as we expect and confirm the validity of our
calculations.

In our QCD fitting analysis, the universal transmuted
cutoff parameter A is a free parameter. So we can achieve
the numerical value of the A parameter in the MS scheme,
as indicated in Table I. We can then estimate the renormal-
ized coupling constant a,(Q?) at different values of Q°. At
Q3 = 4 GeV? and in the NLO approximation we get the
numerical value a,(Q3) = 0.2194 = 0.0178, and at the
scale of Z boson mass we get a(M?) = 0.1177 = 0.0042,
which are in good agreement with what was reported in
Refs. [40,41].

TABLE III. The first moment of the valence, sea, and gluon
polarization in the NLO approximation at different values of 02,
resulting from our analysis.

Q? 1 GeV? 10 GeV? 20 GeV? 200 GeV?
Au, 0928167 0.927917 0.927 834 0.927 602
Ad, —0342061 —0.341969 —0.341939 —0.341853
Ag —0.0601938 —0.0797798 —0.0995769 —0.118883
Ag 2.256 38 2.83573 299113 3.469 68

PHYSICAL REVIEW D 87, 114012 (2013)

By integrating Eq. (32) we can calculate the I'! at Q> =
10 GeV? and obtain

I"=0.128191, T%=-0.0580497, T¢=0.0320196

at LO approximation, and at the NLO approximation we
get

I'"=0.128988, I'"=-0.0670665 I'{=0.0282673,

which are in good agreement with what has been reported
in Refs. [17,42].

VIII. CONCLUSION

In this paper, we used the Laplace transformation tech-
nique to extract the PPDFs inside the nucleon. Our main
gradient of this paper was to apply the method of Block
et al. in Refs. [1-3] to the polarized case. Following this
method, using the Laplace transformation, we indicated
that this method works well in which we were able to
extract the polarized parton distribution functions for the
nonsinglet, singlet, and gluon densities.

In continuation of our calculation, we obtained the
polarized proton and neutron structure functions. At first
we focused on the valence quark polarization inside the
nucleon and calculated the nonsinglet sector of the spin
structure function. We then extended our calculations to
the polarized gluon and singlet sectors. We finally ex-
tracted the polarized nucleon and deuteron structure
functions at different values of Q% in LO and NLO approx-
imations of QCD analysis.

The calculation in the LO approximation could be done by
just one Laplace transformation from x = e” space to s space.
At the NLO approximation, we needed additionally the sec-
ond Laplace transformation from 7 space to what was called
U space. The solutions for the singlet and gluon distributions
at NLO approximation could be done by an iteration which
we followed in this paper up to the second order.

The advantage of the analytical solutions for the PPDFs
in Laplace transformed s space is that it enables us to
achieve strictly analytical solutions for the parton densities
in terms of the Bjorken-x variable. We do not have this
ability when we use the Mellin moments, where in that
case the calculations can be followed just numerically.
Using this technique has its own benefits from the point
of its transparency to make us able to dominate over the
details of calculations more straightforwardly.

As an auxiliary technique, we employed the Jacobi
polynomial approach to achieve the polarized nucleon
structure function in the (x, Q%) plane while we used the
moments of PPDFs in s-(Laplace) space. We discussed
also how the parameterizations are obtained by emphasis
on computing the )(élobal, covariant, and Hessian matrices.

By accessing the analytical solutions for the polarized
parton distributions which lead us to the polarized nucleon
structure functions, it is straightforward to extend the cal-
culations to obtain the structure functions for nuclei which
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can be considered a new research task in the future. Using
other orthogonal hypergeometrical functions rather than the
Jacobi polynomials in the fit, say, for instance, Hermit
polynomials, might make easier the fit and would be an
interesting subject to follow in our further research activity.
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APPENDIX A

We present here the results for the different splitting and
Wilson coefficient functions, denoted by C, and C, at the
NLO approximation, in the Laplace transformed, s space.

3 7 1 5 1 2 5 1
PsE = Cz(s 7_(s+1)3_s+1_(s+2)3+(s+2)2+s+2+(s+1)2+2(7E+MHZ)
— (T DY +2) ——520vp + (s +3) = (s T 2)¢'(s + 3))

(s +2)2

- 4((7,; Fogs )+ 1) — % (s + 1)) +60(3) + 30(s + 1))

+CC<£+1172— L B < N
24 18 s+ 17 6(s+ 17 I8(s+ 1) 6(s+1) (s +2)
2 2
"8G —5+ 27 18(181 ol 6(s7T+ 5 " 3¥3) - % i+ 1) = glls + 1)) * Cfo(_é - 2% T 3(s i 12
2z 2?2 %= +L—L¢r’(s+1))1(c2—lcc)( 2 2 4,4 ™
9s+1) 3(s+2? 9s+2) 3 Fo27 I NG +1)?3 (s+1)2 s+1 3(s+1)
2 2 0.04 P 4 9972  2#? 4 10952 272
T 5+2° (5+27 s+2 3(5+2) (5+3° s+4 3s+4) (5+5° s+5 3(5+5)
4 10092 272 12616 244 3328 0.856 0.208 4.4 |
(5167 s+6 3(s+6) s+7 s+8 s+9s5+10 s+11 s+12 (s+1)7
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49 7 8 4 Ay + h(s+2)  4Alyg+ (s +3)) ,
Co = §(§+_> 36+2) 36+ 3G+ 1) 3G+2) 3 ‘““” Pi(s +3),
(A6)
122 oyt gD 2yp+ P +2)
Cg_§<s+1 s+2+ s+1 s+2 ) (A7
APPENDIX B

We bring in below the coefficients of singlet and gluon distributions of Eq. (26), k(a, by, s, 7)’s, in the Laplace
transformed, s space.

1
K1 ARGy (RY(s) — B

X (R(s) cosh (TRZ(S)) + sinh (TR(S))(acI)f SP )))4alezr(R(s)+b1) smh( 129 )(Rz( ) sin (7'R2(~V)>

X (50,80, + 5D (3D, — 5D,)) + R(s) cosh( Ris ))(5q>f(5q>f — 8D, + 50,560,350, — 5P,))

e%T(M’fJf3‘1’g—R(S)—2h1)(2a1ek(é)fb%<2 sinh( 2( ))5®f5® —(—1+ eT”l)Sde

— ™ b3(R(s) — ob, + eROT(R(s) + o, — 6P,) + 6D,) + b1(67b1(5¢f — 8CI>g)2(R(s) — 6D,
+ eROT(R(5)8D, — 8D,) + 5®f5®g(a1(R(s) — 8D, — 8D, + ROT(R(s) + 6D + 5D,)) + 2e7RO)I+201)

((4 — a)R(s) cosh( 2( )) smh( Rz( ))((4 +a)sd, — (4— al)acpg)))))), B1)

1
¢ " 2R(s)b,(R¥(s) — b?)

6%7(5%*5‘1’;:*13(3)’21’1)5®f<—2e'rb1(—1 + e™)b} + 4a,ex™R6T20) ginh (%bl)

X(R(s)cosh( ())(25®f6® + 6D (6P, — 5<I>g))+R2(s)sinh( (S))5q>) 4q,exrth )b2<sinh<%bl)

(R(S) COSh( RZ( )) + 8 sinh (TRZ(S))) — 8®, cosh (%bl> sinh (TRZ(S)))

+ b1<2(—1 + e (a) + (4 + a)e™)50,80, + a; 8D, (R(s) + 6D, — 8D, + e™RO(R(s) — 6D, — 5D,))

(TR(S)

TR(s)

26 RO6) _ g R(s) cosh( )scpg 4 sinh )( 5D, + 5D,)(—26D, + (2 + a))dD ))) (B2)

. — 1
7 R(5)by (—R(s) + b2)

+ a1<— cosh (%bl) sinh (TR;S))b (260,60, + 8D,(b; + 5O, — 5P,)) + sinh (TTbl)(sinh (TR;S))

23D +60,~b1) 5@ ( a1 ih(TR(S)
2

TR(s)

X (b3 — R%(5))80, + R(s) cosh( )( 280,60, + (b, + 6D, — 5D,) (b, + 8P ))))) (B3)
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