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By using the Laplace transformation, the analytical solutions of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi evolution equations at the leading-order and next-to-leading-order (NLO) approximations

for the gluon, singlet, and nonsinglet quark polarization inside the nucleon are obtained. At NLO

approximation, a second Laplace transformation is required. Complete NLO calculations need an iteration

method, which we try to employ. As an efficiently mathematical tool, we employ the Jacobi polynomials

to extract the polarized nucleon structure, using the analytical solutions for the polarized parton densities.

Optimum nucleon structure functions are determined by a �2 analysis of the available experimental

data, and their uncertainties are estimated by the Hessian method. Our results for nucleon and deuteron

structure functions are in good agreement with all available experimental data and fitting parametrization

models.
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I. INTRODUCTION

The nucleon spin crisis is still one of the most funda-
mental problems in hadron physics. Many experiments in
deep inelastic scattering suggest that just a small fraction
of the spin of the proton is carried by the intrinsic spin of its
quark constituents. This discovery has challenged our
understanding about the internal structure of the proton
and inspired vast experimental and theoretical activity to
understand the role of spin in the proton’s internal struc-
ture. The key question is how the spin of the nucleon is
distributed among its constituent partons. That is, the
determination and understanding of the quarks and gluon
spin distribution functions have became an important issue.

Block et al. in Refs. [1–6] showed that, by using the
Laplace transformation, it is possible to solve the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution equations directly and extracted parton distribution
functions in the unpolarized case. The advantage of using
such a technique is that it is clearer than other methods for
solving the DGLAP equations and also involves numeri-
cally much more efficient outputs. In this method, the
parton distribution functions at arbitrary Q2 can be ex-
pressed as a convolution of these distributions at a starting
Q2

0 with an analytically defined kernel in terms of the

ordinary variables. This technique makes this facility that
the analytical solution for the polarized parton distribution
functions (PPDFs) are obtained more strictly by using the

related kernels. The outstanding analytical results have
more transparency forms which control the calculations
in a better way.
Following our recent work on analytical calculation of

the polarized gluon distribution function by using the
Laplace transformation [7], in the present paper we try to
apply the new method, initialized by Block et al. [1–3] in
the unpolarized case, to the polarized one to extract the
PPDFs. Since a substantial part of the nucleon spin, about
40%, is carried by the polarized valence quarks, we focus
here first on the valence quark polarization. In addition to
its simplicity and also for transparency, study of the va-
lence quark polarization is the simplest way to test the
analytical solution of the DGLAP equations in the polar-
ized case, based on the Laplace transformation technique.
We then extend our calculations, considering the polarized
singlet and gluon distributions. Therefore using the
Laplace transform technique and finding the PPDFs and
then the nucleon spin structure functions are the main aims
in this paper.
This paper is organized as follows. In Sec. II, we follow

the Block scenario for analytical solutions but in connec-
tion to the polarized DGLAP evolution equations of the
nonsinglet, singlet, and gluon distributions in the leading-
order (LO) approximation. In continuation, we apply this
scenario to the next-to-leading-order (NLO) approxima-
tion. At this order of approximation, it is inevitable to use a
second Laplace transform and employ an iteration process
to obtain the polarized gluon and singlet distributions. In
Sec. III, Jacobi polynomials and the PPDFs resulting from
the Laplace transformation are used to extract the polarized
nucleon structure functions. In Sec. IV, we discuss how to
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parameterize the polarized nucleon structure function at an
initial value of the energy scale. We then deal with the
evolution of the nucleon structure functions. We introduce
an analysis relating to a global �2 in Sec. V. How to
minimize it is also discussed there. Description of the error
calculations is done in Sec. VI. Section VII is devoted to
the results and discussions. Finally, we give our conclu-
sions in Sec. VIII.

II. ANALYTICAL SOLUTION TO THE
POLARIZED DGLAP EQUATIONS

A. Leading-order case

According to Refs. [1–3], it is possible to solve
analytically the coupled leading- and next-to-leading-order
DGLAP evolution equations to extract the unpolarized
parton distribution functions. This new method is based
on the Laplace transformations. Here we employ this
method in the polarized case and take into account the
polarized parton distribution inside the nucleon. We will
not give the details here and only review the method for
extracting the polarized parton distribution functions.

The DGLAP evolution equations to extract the polarized
nonsinglet (NS), singlet (S), and gluon densities can be
written as follows [8–11]:

4�

�sðQ2Þ
@�FNSðx;Q2Þ

@ lnQ2
¼ ð�FNS � ð�P0

qq þ � � �ÞÞðx;Q2Þ;
(1)

4�

�sðQ2Þ
@�FSðx;Q2Þ

@ lnQ2
¼ð�FS�ð�P0

qqþ���Þ

þ�G�ð�P0
qgþ���ÞÞðx;Q2Þ; (2)

4�

�sðQ2Þ
@�Gðx;Q2Þ
@ lnQ2

¼ ð�FS � ð�P0
gq þ � � �Þ

þ �G � ð�P0
gg þ � � �ÞÞðx;Q2Þ; (3)

where �P0
ij are the leading-order polarized splitting func-

tions and the ellipses represent the higher-order expansion
of the splitting functions. The � symbol in the above
equations refers to the convolution integral in which the
splitting functions in the right-hand side of Eqs. (1)–(3) are
in fact functions of a variable such as x

z .

By using the new variable � � 1
4�

RQ2

Q2
0

�sðQ02Þd lnQ02,
and also x ¼ e�� and z ¼ e�w, then the DGLAP evolu-
tions in Eqs. (1)–(3) can be written in terms of the �, �, and
w variables as three coupled ordinary first-order differen-
tial equations. Following that by Laplace transformation,
the convolution integrals in DGLAP evolutions can be
converted from � space to s space [6]. Therefore we arrive
at the following equations:

@�fNS
@�

ðs;�Þ¼��LO
NSðsÞ�fNSðs;�Þ;

@�fS
@�

ðs;�Þ¼��LO
S ðsÞ�fSðs;�Þþ��LO

S ðsÞ�gðs;�Þ;
@�g

@�
ðs;�Þ¼��LO

g ðsÞ�gðs;�Þþ��LO
g ðsÞ�fSðs;�Þ:

(4)

As is obvious, ��’s and �g’s in Eq. (4) are related to the
Laplace transform of splitting functions in the s space. The
analytical expressions for the LO coefficients ��LO and
��LO can be found in Ref. [4].

1. Nonsinglet solution

We follow the method in Ref. [1] to obtain an analytical
solution for the polarized parton distributions. Below, we
describe briefly how to get the analytical solution for the
distributions of the nonsinglet sector.
Using the new variables v, w, and � for the nonsinglet

sector, FNSðx;Q2Þ in Eq. (1), which are related to the
valence quark distributions, we achieve

@�F̂NS

@�
¼

Z v

0
�F̂NSðw; �Þe�ðv�wÞ�PLO;ns

qq ðv� wÞdw: (5)

The Laplace transformation of Eq. (5) will give us a
linear differential equation in terms of s and � variables
whose solution can be presented by [see Eq. (4)]

�fNSðs; �Þ � e��
LO
NS�fNSðsÞ: (6)

Now, by using the kernel �KNSðv; �Þ � L�1½e���LO
NS

ðsÞ;v�,
the nonsinglet sector �FNSðx;Q2Þ can be obtained via the
convolution integral as in the following:

�F̂NSðv; �Þ ¼
Z v

0
�KNSðv� w; �Þ�F̂NSðwÞdw: (7)

It is obvious that �F̂NSðwÞ in the right-hand side of Eq. (7)
is related to this quantity at the initial energy scale. The
final result in ðx; Q2Þ space can be obtained by using the
appropriate change of variable, v � ln ð1=xÞ.

2. Singlet and gluon solutions

With the initial conditions for singlet and gluon sectors
of distributions, which are denoted by �f0SðsÞ and �g0ðsÞ,
respectively, their evolved solutions in the Laplace s space
are given by [5]

�fðs; �Þ ¼ �kffðs; �Þ�f0SðsÞ þ �kfg1ðs; �Þ�g0ðsÞ;
�gðs; �Þ ¼ �kggðs; �Þ�g0ðsÞ þ �kgfðs; �Þ�f0SðsÞ;

(8)

where the �k’s in Eq. (8) have been introduced in
Refs. [1,6].
The decoupled solutions of the polarized singlet and

gluon distributions in ðv; �Þ space can be written by the
following convolution integrations:

S. ATASHBAR TEHRANI et al. PHYSICAL REVIEW D 87, 114012 (2013)

114012-2



�F̂Sð�;Q2Þ �
Z �

0
KFFð�� w; �ðQ2; Q2

0ÞÞ�F̂SðwÞdw

þ
Z �

0
KFGð�� w; �ðQ2; Q2

0ÞÞ�ĜSðwÞdw;

�ĜSð�;Q2Þ �
Z v

0
KGGð�� w; �ðQ2; Q2

0ÞÞ�ĜSðwÞdw

þ
Z �

0
KGFð�� w; �ðQ2; Q2

0ÞÞ�F̂SðwÞdw;
(9)

where K’s are the inverse Laplace transform of k’s in

Eq. (8). As in Eq. (7), �F̂S and �ĜS are related to singlet
and gluon distributions, respectively, at the initial value
of Q0.

Recalling that � � ln ð1=xÞ, we can finally back the
above solutions into the usual Bjorken-x space.

B. Next-to-leading-order case

1. Nonsinglet solution

For the nonsinglet distribution �FNSðx;Q2Þ, the loga-
rithmic derivative of �FNS can appear schematically as the
convolution of �FNSðx;Q2Þ with the nonsinglet splitting

functions �PLO;NS
qq ðxÞ and �PNLO;NS

qq ðxÞ for LO and NLO
approximations, respectively, i.e.,

4�

�sðQ2Þ
@�FNSðx;Q2Þ
@ ln ðQ2Þ

¼ �FNS �
�
�PLO;NS

qq þ �sð�Þ
4�

�PNLO;NS
qq

�
ðx;Q2Þ: (10)

After changing to the required variables which have
been introduced in [1], we arrive at

@�̂Fns

@�
ð�; �Þ ¼

Z �

0
�F̂nsðw; �Þe�ð��wÞ

�
�PLO;ns

qq ð�� wÞ

þ �sð�Þ
4�

�PNLO;ns
qq ð�� wÞ

�
dw: (11)

Going to Laplace space s, we obtain a linear differential
equation with respect to the � variable for the transformed
�fNSðs; �Þ. Therefore we will arrive at
@�fNS
@�

ðs; �Þ ¼
�
��LO

NSðsÞ þ
�sð�Þ
4�

��NLO
NS ðsÞ�fðs; �Þ

�
:

(12)

This has the simple solution

�fNSðs; �Þ ¼ e���NSðsÞ�f0NSðsÞ; (13)

where

��NSðsÞ � ��LO
NSðsÞ þ

�2
�
��NLO

NS ðsÞ: (14)

The �2 quantity in Eq. (14) is defined by [1]

�2� 1

4�

Z �

0
�sð�0Þd�0 ¼ 1

ð4�Þ2
Z Q2

Q2
0

�2
sðQ02ÞdlnQ02; (15)

which results from the integration of Eq. (12) with respect
to �. By substituting the expression for the differential of �,
i.e., d� � 1

4��sðQ02Þd lnQ02, in the left-hand side of

Eq. (15), we arrive at the right-hand side of this equation.
The required expressions in Eq. (14) are given by

��LO
NSðsÞ � L½e�v�PLO;ns

qq ðe��Þ; s�;
��NLO

NS ðsÞ � L½e���PNLO;NS
qq ðe��Þ; s�:

(16)

The evaluation of ��NLO
NS ðsÞ is straightforward but too

lengthy to be shown here. The analytical results for the
polarized splitting functions in the transformed Laplace s
space at the NLO approximation are given in Appendix A.
We can find any nonsinglet solution, �FNSðx;Q2Þ, by

using the nonsinglet kernel KnsðvÞ � L�1½e���NSðsÞ;v� in
the Laplace convolution relation:

�F̂NSðv; �Þ ¼
Z v

0
Knsðv� w; �Þ�F̂0

NSðwÞdw (17)

and then returning to ðx;Q2Þ space, using the appropriate
change of variable, v � ln ð1=xÞ.

2. Singlet and gluon solutions

Here we wish to extend our calculations at the NLO
approximation for gluon and singlet sectors of the polar-
ized parton distributions. In this case, to decouple and
solve DGLAP evolutions in Eq. (4), we need an extra
Laplace transformation from � space to U space, where s
is a parameter in this new space. From now on, the
�sð�Þ=4� is replaced for brevity by að�Þ. Therefore the
coupled DGLAP evolution equations can be converted to

U�F ðs;UÞ � �f0SðsÞ ¼ ��LO
S ðsÞ�F ðs; UÞ

þ ��NLO
S ðsÞL½að�Þ�fSðs; �Þ;U�

þ ��LO
S ðsÞ�Gðs; UÞ

þ ��NLO
S ðsÞL½að�Þ�gðs; �Þ;U�;

U�Gðs;UÞ � �g0ðsÞ ¼ ��LO
g ðsÞ�Gðs;UÞ

þ ��NLO
g ðsÞL½að�Þ�gðs; �Þ;U�

þ ��LO
g ðsÞ�F ðs; UÞ

þ ��NLO
g ðsÞL½að�Þ�fðs; �Þ;U�:

(18)

In writing the above expressions, we use the conventions
which were introduced in Ref. [1].
The desired coupled algebraic equations for singlet and

gluon distributions which are denoted in U space by
�F ðs; UÞ and �Gðs; UÞ in Eq. (18) can be solved simulta-
neously, and we will arrive at
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�F ðs; UÞ ¼ ðU� ��gÞ�f0SðsÞ
DðU; sÞ þ ��S�g

0ðsÞ
DðU; sÞ ;

�Gðs; UÞ ¼ ðU� ��SÞ�g0ðsÞ
DðU; sÞ þ ��g�f

0
SðsÞ

DðU; sÞ :

(19)

In deriving Eq. (19), which is based on Eq. (18), we assume
a simple parameterized form for að�Þ so að�Þ ¼ a0. This
will be more clarified when we consider að�Þ as a function
with three unknown parameters. The denominator DðU; sÞ
in Eq. (19) has been defined in Ref. [1].

The NLO contributions of the polarized splitting
functions in Laplace s space correspond to the following
expressions:

��SðsÞ � ��LO
S ðsÞ þ a0��

NLO
S ðsÞ;

��gðsÞ � ��LO
g ðsÞ þ a0��

NLO
g ðsÞ;

��SðsÞ � ��LO
S ðsÞ þ a0��

NLO
S ðsÞ;

��gðsÞ � ��LO
g ðsÞ þ a0��

NLO
g ðsÞ:

(20)

In Eq. (20), a0 is a parameter which can be obtained via
fitting procedure as we will do in the next sections. To do
more precise calculations, an excellent approximation to
að�Þ, accurate to a few parts in 104, can be given by the
expression

að�Þ � a0 þ a1e
�b1�; (21)

where the constants a1 and b1 like a0 are found by a
least-squares fit to að�Þ. Therefore the Laplace transforms
L½að�Þfðs; �Þ;U� andL½að�Þgðs; �Þ;U� needed in Eq. (18)
can be written as [1]

L½að�Þ�fðs;�Þ;U�¼X1
j¼0

aj�F ðs;UþbjÞ;

L½að�Þ�gðs;�Þ;U�¼X1
j¼0

aj�Gðs;UþbjÞ; b0¼0:

(22)

Equation (18) can be finally rewritten as

½U� ��SðsÞ��F ðs;UÞ � ��SðsÞ�Gðs;UÞ
¼ �f0ðsÞ þ a1½��NLO

S ðsÞ�F ðs;Uþ b1Þ
þ ��NLO

S ðsÞ�Gðs;Uþ b1Þ�;
���gðsÞ�F ðs;UÞ þ ½U� ��gðsÞ��Gðs; UÞ

¼ �g0ðsÞ þ a1½��NLO
g ðsÞ�F ðs;Uþ b1Þ

þ ��NLO
g ðsÞ�Gðs;Uþ b1Þ�: (23)

The solutions of Eq. (23) can be obtained via an iteration
process. The parameter a0 which is inserted in expressions
for the polarized splitting functions in s space [see
Eq. (20)]would be quite small. To get to the solutions of
Eq. (23) for �F and �G, we first consider the simple
solutions to Eq. (23), called �F 1ðs; UÞ and �G1ðs; UÞ,
that result from setting a1 ¼ 0, i.e., the equations

½U� ��fðsÞ��F 1ðs;UÞ � ��SðsÞ�G1ðUÞ ¼ �f0SðsÞ;
���gðsÞ�F 1ðUÞ þ ½U� ��gðsÞ��G1ðs;UÞ ¼ �g0SðsÞ;

(24)

whose solutions are like Eq. (19).
We now construct an iterative solution to Eq. (23) for

�F and �G. To achieve the first iteration solution and in
order to fulfill Eq. (22), we need to change the arguments
of �F ðs;UÞ and �Gðs;UÞ in Eq. (24) so these functions
appear as �F ðs; Uþ b1Þ and �Gðs; Uþ b1Þ, respectively.
Therefore the solutions of Eq. (24) for �F and �G but with
the new argument as Uþ b1 are our first approximation
solutions in the iteration processes. We represent them by
�F 1ðs;Uþ b1Þ and �G1ðs;Uþ b1Þ, respectively.
Now to complete the calculations and to achieve the

second step of the iteration process, the parameter a1
which before was not considered should be used. This
can be done by replacement of �f0SðsÞ and �g0ðsÞ with

new expressions so

�f0SðsÞ ! �f0SðsÞ þ a1½��NLO
f ðsÞ�F 1ðs;Uþ b1Þ

þ ��NLO
f ðsÞ�G1ðs;Uþ b1Þ�;

�g0ðsÞ ! �g0ðsÞ þ a1½��NLO
g ðsÞ�F 1ðs;Uþ b1Þ

þ ��NLO
g ðsÞ�G1ðs;Uþ b1Þ�: (25)

Replacing these new expressions for �f0SðsÞ and �g0ðsÞ
in Eq. (24) and solving it simultaneously will yield �F and
�G at the second step of iteration, which we call
�F 2ðs;Uþ b1Þ and �G2ðs;Uþ b1Þ, respectively.
Continuation of the iteration process is obvious. At the

third order of iteration, we just need to replace �f0SðsÞ and
�g0ðsÞ in Eq. (24) with new ones as in Eq. (25) but with the
difference that in the right-hand side of this equation we
should change �F 1ðs; Uþ b1Þ and �G1ðs;Uþ b1Þ to
�F 2ðs;Uþ b1Þ and �G2ðs;Uþ b1Þ. Solving Eq. (24)
with these substitutions will yield �F and �G, which are
denoted now by �F 3ðs; Uþ b1Þ and �G3ðs;Uþ b1Þ, re-
spectively, as the solutions at the third order of iteration.
This iteration can be continued to any required order in

which we get to a sufficient convergence for the solutions.
The result of iteration at higher order contains very lengthy
expressions for �F i to �Gi which make the numerical
computations very hard. On the other hand, the corrections
which we get up to the second order of iteration are sufficient
to us to give the results in good agreement with the available
experimental data and some fitting models. Therefore we
here just end the calculations after two steps of iterations.
Using the inverse Laplace transform we can back from

U space to � space which will yield the following expres-
sions for singlet and gluon distributions:

�fðs; �Þ ¼ kffða1; b1; s; �Þ�f0SðsÞ þ kfgða1; b1; s; �Þ�g0ðsÞ;
�gðs; �Þ ¼ kggða1; b1; s; �Þ�g0ðsÞ þ kgfða1; b1; s; �Þ�foSðsÞ:

(26)
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The analytical expressions for kða1; b1; s; �Þ’s function up
to two steps of iteration are given in Appendix B. The
numerical values which we get for the unknown parame-
ters in Eq. (22) at this order of iteration resulting from the
fitting procedure are as follows: a0 ¼ 0:0037, a1 ¼ 0:025,
and b1 ¼ 10:7.

After numerical Laplace inversion in Eq. (26) from s to
� space, we can write the decoupled solutions in ðv; �Þ
space as the convolutions defined by Eq. (9). Finally,
recalling that � � ln ð1=xÞ, the above solutions can be
transformed back into the usual Bjorken-x space and vir-
tuality Q2, enabling us to write the NLO decoupled solu-
tions �Fsðx; Q2Þ and �Gðx;Q2Þ, which require only a
knowledge of �FsðxÞ and �GðxÞ at Q2

0, where evolution

started. We use these analytical solutions for polarized
parton distributions in the next sections to extract polarized
structure functions for the proton, neutron, and deuteron.

III. POLARIZED NUCLEON STRUCTURE
FUNCTION, BASED ON THE JACOBI

POLYNOMIALS APPROACH

We perform here an LO and NLO fitting of the polarized
parton distributions using Jacobi polynomials [12–15] to
reconstruct the x-dependent quantities from their Laplace
moments. The use of Jacobi polynomials has a number of
benefits; specifically, it will allow us to factorize the x and
Q2 dependence in a manner that allows an efficient pa-
rametrization and evolution of the structure functions. For
example, if we consider the spin structure function
xg1ðx;Q2Þ, we can expand this as

xg1ðx;Q2Þ ¼ x�ð1� xÞ� XNmax

n¼0

anðQ2Þ��;�
n ðxÞ: (27)

Here,��;�
n ðxÞ are Jacobi polynomials of order n, and Nmax

is the maximum order of our expansion. As we inferred in
above, using the Jacobi polynomials has this advantage to
allow us to factor out the essential part of the x dependence
of the structure function into a weight function and the Q2

dependence is contained in the Jacobi moments anðQ2Þ.
To be more specific, the x dependence of the Jacobi

polynomials can be written as

��;�
n ðxÞ ¼ Xn

j¼0

cðnÞj ð�;�Þxj; (28)

where the cðnÞj ð�;�Þ coefficients are combinations of �

functions involving n, �, and � parameters. The Jacobi
polynomials satisfy an orthogonality relation with weight
function x�ð1� xÞ� as follows:Z 1

0
dxx�ð1� xÞ���;�

k ðxÞ��;�
l ðxÞ ¼ �k;l: (29)

Thus, given the Jacobi moments anðQ2Þ, the polarized
structure function xg1ðx;Q2Þ may be reconstructed from
Eq. (27) [16,17].

We can compute the Jacobi moments anðQ2Þ by using
the orthogonality relation to invert Eq. (27) to obtain

anðQ2Þ ¼ Xn
j¼0

cðnÞj ð�;�ÞL½xg1; s ¼ jþ 1�: (30)

In Eq. (30), we have substituted Eq. (27) for xg1ðx;Q2Þ and
employed the Laplace transformation:

L ½xg1; s� �
Z 1

0
dve�svxg1ðx;Q2Þ: (31)

On the right-hand side of Eq. (31), the x variable is taken as
e��. For the final result in the left-hand side of Eq. (31), the
change of variable as v ¼ ln ð1xÞ is used to back us to the

usual x space. We can now relate the polarized structure
function xg1ðx;Q2Þ with its moments [16,17] as in the
following:

xg1ðx;Q2Þ ¼ x�ð1� xÞ� XNmax

n¼0

��;�
n ðxÞ

� Xn
j¼0

cðnÞj ð�;�ÞL½xg1; s ¼ jþ 1�: (32)

Given Eq. (32) for xg1ðx;Q2Þ, we choose the set
fNmax ; �; �g to achieve optimal convergence of this series
throughout the kinematic region constrained by the data. In
practice, we find Nmax ¼ 9, � ¼ 3:0, and � ¼ 0:5 to be
sufficient. We are then able to express xg1 in terms of nine
unknown parameters, for instance, at an input scale of
Q2

0 ¼ 4 GeV2. We now examine the fits to the spin struc-

ture functions to extract the PPDFs from the available data.

IV. QCD ANALYSIS OF PPDFS
AND THE PARAMETRIZATION

A. Parametrization

We consider a proton comprised of massless partons
with helicity distributions q�ðx; Q2Þ which carry momen-
tum fraction x with a characteristic scaleQ. The difference
�qðx;Q2Þ ¼ qþðx;Q2Þ � q�ðx;Q2Þ measures how much
the parton of flavor q ‘‘remembers’’ of the parent proton
polarization. We will parameterize these PPDFs at initial
scale Q2

0 ¼ 4 GeV2 using the following form:

x�qðx;Q2
0Þ ¼ N q�qx

aqð1� xÞbqð1þ cqxÞ; (33)

where the polarized PDFs are determined by parameters
f�q; aq; bq; cqg and the generic label q ¼ fuv; dv; �q; gg de-
notes the partonic flavors up-valence, down-valence, sea,
and gluon, respectively. The normalization constants N q,

1

N q
¼

�
1þ cq

aq
aq þ bq þ 1

�
Bðaq; bq þ 1Þ; (34)

are chosen such that �i are the first moments of �qiðx;Q2
0Þ,

where Bða; bÞ is the Euler beta function.
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The total up and down PPDFs are a sum of the valence
plus sea distributions: �u ¼ �uv þ � �q and �d¼�dvþ� �q.
We will assume an SUð3Þ flavor symmetry such that � �q �
� �u ¼ � �d ¼ �s ¼ ��s, while we could allow for an SUð3Þ
symmetry violation term by introducing 	 such that �s ¼
� �s ¼ 	� �q, as the strange PPDF is poorly constrained. The
results would be insensitive to the specific choice of 	.

As seen from Eq. (33), each of the four polarized parton
densities q ¼ fuv; dv; �q; gg contains four parameters
f�q; aq; bq; cqg, which gives a total of 16 parameters which

should be determined. We now demonstrate that we can
eliminate some of these parameters while maintaining
sufficient flexibility to obtain a good fit.

1. First moments of �uv and �dv

The parameters �uv and �dv are the first moments of

the �uv and �dv polarized valence quark densities; these
quantities can be related to F and D as measured in
neutron and hyperon � decays according to the following
relations [18]:

a3 ¼
Z 1

0
dx�q3 ¼ �uv � �dv ¼ FþD; (35)

a8 ¼
Z 1

0
dx�q8 ¼ �uv þ �dv ¼ 3F�D; (36)

where a3 and a8 are the nonsinglet combinations of
the first moments of the polarized parton densities
corresponding to

�q3 ¼ ð�uþ � �uÞ � ð�dþ � �dÞ; (37)

�q8 ¼ ð�uþ � �uÞ þ ð�dþ � �dÞ � 2ð�sþ ��sÞ: (38)

A reanalysis of F and D with updated �-decay constants
will yield F ¼ 0:464� 0:008 and D ¼ 0:806� 0:008
[18]. With these values we find

�uv ¼ þ0:928� 0:014; (39)

�dv ¼ �0:342� 0:018: (40)

The errors of parameters in Eqs. (39) and (40) are the
systematical ones, and we fix the numerical values of
these parameters in our fit. Therefore we make use of
�uv and �dv to reduce the number of parameters by two.

2. Gluon and sea quarks

We find that the factor (1þ cqx) in Eq. (33) provides

flexibility to obtain a good description of the data, particu-
larly for the valence distributions uv and dv. Thus we will
make use of the cq coefficients for the up-valence and down-

valence distributions; in contrast, we are able to set the
values for c �q and cg to zero (c �q ¼ cg ¼ 0) while maintain-

ing a good fit and eliminating two free parameters. For the
cuv and cdv parameters, we find the fit improves if we use

nonzero values, but as these are relatively flat directions in�
space we shall fix the values as detailed in Table I.
Separately, we find that the b parameters control the

large-x behavior of the PPDFs; thus, the sea quark and

TABLE I. Final parameter values and their statistical errors in the MS scheme at the input
scale Q2

0 ¼ 4 GeV2, in the LO and NLO approximations.

LO

�uv �uv 0.928 (fixed) � �q � �q �0:0661� 0:0315
auv 0:197� 0:0035 a �q 0:258� 0:04763
buv 2:325� 0:0481 b �q 8.3 (fixed)

cuv 20.45 (fixed) c �q 0

�dv �dv �0:342 (fixed) �g �g 3:393� 3:072
adv 0:234� 0:0169 ag 0:837� 1:67
bdv 3:129� 0:138 bg 2.797 (fixed)

cdv 30.0 (fixed) cg 0

� ¼ 0:289� 0:017 GeV
�2=D:O:F: ¼ 305:21=370 ¼ 0:824

NLO

�uv �uv 0.928 (fixed) � �q � �q �0:0599� 0:0022
auv 0:339� 0:022 a �q 0:814� 0:0356
buv 2:434� 0:032 b �q 3.124 (fixed)

cuv 28.9 (fixed) c �q 0

�dv �0:342 (fixed) �g �g 2:623� 0:551
adv 0:199� 0:0084 ag 5.895 (fixed)

bdv 2:373� 0:0769 bg 9.34 (fixed)

cdv 26.57 (fixed) cg 0

� ¼ 0:2011� 0:0441 GeV
�2=D:O:F: ¼ 300:205=370 ¼ 0:811
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gluon distributions have large uncertainties in this region,
as they are dominated by the valence. To provide some
guidance, we observe that, for the polarized parton
densities in the large-x region, a ratio of b �q=bg 	 1:6

provides a good fit. Therefore we impose this ratio on the
polarized b �q and bg parameters to further reduce the free

parameters. Additionally, we are able to extract reasonable
constraints on the a �q and ag parameters; this is a benefit of

the Jacobi polynomials.
Having fixed �uv , �dv , c �q, and cg parameters and the

ratio b �q=bg in preliminary minimization, we then set the b �q,

bg, cuv , and cdv parameters as indicated in Table I; this gives

us a total of nine unknown parameters, in addition to
�sðQ2

0Þ.

Having equipped to required inputs, we depict in
Figs. 1 and 2 our predictions for PPDFs at Q2

0 ¼ 4 GeV2

which we choose as the initial energy scale in the fit.

B. DGLAP evolution

In the Jacobi polynomial approach, the DGLAP evolu-
tion equations can be solved in the Laplace space. The
Laplace transformation of the parton densities �q are
defined analogous to that of Eq. (31) as follows:

L½�qðx¼e�v;Q2
0Þ;s���qðs;Q2

0Þ
¼
Z 1

0
e�sv�qðx¼e�v;Q2

0Þdv

¼N q�q

�
1þcq

sþaq
sþaqþbqþ1

�
Bðsþaq;bqþ1Þ;

(41)

where q ¼ fuv; dv; �q; gg and B is the Euler beta function.
In the Laplace space, the LO contribution to the polar-

ized proton and neutron structure function, xg1ðs; Q2Þ, can
be represented in terms of the polarized parton densities by

L½xgp1 ; s� ¼
1

2

X
q

e2q � ½�qðs; Q2Þ þ � �qðs;Q2Þ�; (42)

L½xgn1 ; s� ¼ L½xgp1 ; s� �
1

6
ðL½uv; s� �L½dv; s�Þ: (43)

At the NLO approximation, the polarized structure func-
tion xgp1 ðs;Q2Þ and xgn1ðs; Q2Þ in s space can be written by

L½xgp1 ; s� ¼
X
q

e2q

�
1

2

�
1þ �

4�
�cqðsÞ

�
� ð�qðs;Q2Þ

þ � �qðs;Q2ÞÞ þ 2

3

�
�

4�
�cgðsÞ � �gðs;Q2Þ

��
;

(44)

L½xgn1 ; s� ¼ L½xgp1 ; s� �
1

6
ðL½uv; s�

�L½dv; s�Þ
�
1þ �

4�
� �cqðsÞ

�
: (45)

Here, the sum runs over u, d, s quark flavors, and the
polarized quark, antiquark, and gluon distributions are
represented by �q, � �q, and �g, respectively. The analytical
expressions for Wilson coefficients �cqðsÞ and �cgðsÞ in
Laplace transform s space are given in Appendix A.

C. The g2 structure function

Now, by having the g1 structure function, one can cal-
culate the g2 structure function in the LO and NLO ap-
proximation via the Wandzura-Wilczek [19,20] expression
as in the following:

g2ðx;Q2Þ ¼ �gp1 ðx;Q2Þ þ
Z 1

x

dy

y
gp1 ðy;Q2Þ: (46)
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FIG. 1 (color online). The polarized quark densities in the LO
approximation as a function of x at initial energy scale Q2

0 ¼
4 GeV2, resulting from our fit. Yellow (light gray) regions
indicate the error bands.
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FIG. 2 (color online). The polarized quark densities in the
NLO approximation as a function of x at initial energy scale
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0 ¼ 4 GeV2, resulting from our fit. Yellow (light gray) regions

indicate the error bands.
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Figure 3 shows our prediction for xg2 in comparison
with the available experimental data from the Spin Muon
Collaboration (SMC) [21] and E143 [22] data groups
which are in very good agreement with them.

V. QCD FIT OF xg1ðx;Q2Þ DATA
In our analysis, we investigate the QCD evolution of

the massless parton densities at the LO and NLO ap-
proximation, using a number of active flavors, Nf ¼ 3 in

the fixed-flavor number scheme. These assumptions
make our fitting procedure efficient numerically. For
the polarized proton structure functions, we use the
European Muon Collaboration (EMC) [23], HERMES
[24,25], SMC [21], E143 [22], E155 [26], and
COMPASS [27] data. For the neutron one, the E142
[28], HERMES [24,25], and E154 [29,30] data have
been used, and for the deuteron, we use the data from
SMC [21], E143 [22], E155 [31], and HERMES [24]
experimental groups. In Table II, we list briefly the
related information of the used data.
We minimize the global �2 as follows [32–34]:

�2
global ¼

X
n

wn�
2
n; (47)

where the sum n runs over the different experiments, wn is
a weight factor for the data of the nth experiment, and �2

n is
given by

�2
n ¼

�
1�N n

�N n

�
2 þX

i

�N ng
exp
1;i � gtheor1;i

N n�g
exp
1;i

�
2
: (48)

Here, gexp1;i , �gexp1;i , and gtheor1;i denote the experimental

measurement, the experimental uncertainty (statistical
and systematic combined in quadrature), and theoretical
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FIG. 3 (color online). The polarized structure function xg2 at
Q2 ¼ 5 GeV2 as a function of x in LO and NLO approximations.
A comparison with the available experimental data [21,22] has
also been done.

TABLE II. Published data points with the measured x and Q2 ranges, including the number of
data points (with a cut of Q2 
 1:0 GeV2) and the fitted normalization shifts N i.

Experiment x range Q2 range [GeV2] # of data points N i

E143 (p) 0.031–0.749 1.27–9.52 28 0.995 69

HERMES (p) 0.028–0.66 1.01–7.36 39 1.0010

SMC (p) 0.005–0.480 1.30–58.0 12 0.999 62

EMC (p) 0.015–0.466 3.50–29.5 10 1.0021

E155 0.015–0.750 1.22–34.72 24 1.015 78

HERMES06 (p) 0.026–0.731 1.12–14.29 51 0.997 29

COMPASS10 (p) 0.005–0.568 1.10–62.10 15 0.988 17

Proton 179

E143 (d) 0.031–0.749 1.27–9.52 28 1.001 19

E155 (d) 0.015–0.750 1.22–34.79 24 1.001 37

SMC (d) 0.005–0.479 1.30–54.80 12 0.999 99

HERMES06 (d) 0.026–0.731 1.12–14.29 51 1.0019

Deuteron 115

E142 (n) 0.035–0.466 1.10–5.50 8 0.999 89

HERMES (n) 0.033–0.464 1.22–5.25 9 0.999 89

E154 (n) 0.017–0.564 1.20–15.00 17 1.000 37

HERMES06 (n) 0.026–0.731 1.12–14.29 51 1.002 08

Neutron 85

Total 379
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value for the ith data point, respectively. �N n is the
experimental normalization uncertainty, and N n is an
overall normalization factor for the data of the nth experi-
ment. We allow for a relative normalization shift N n

between different data sets within uncertainties �N n

quoted by the experiments.
We minimize the above �2 value with the nine unknown

parameters. The values of these parameters are summa-
rized in Table I. We find �2=d:o:f: ¼ 305:21=370 ¼ 0:824
for LO approximation and �2=d:o:f: ¼ 300:21=370 ¼
0:811 for the NLO approximation, which is less than the
LO one as we are expecting and yields an acceptable fit to
the experimental data.

VI. THE ANALYSIS OF THE ERROR
CALCULATIONS

The evolved polarized parton densities and struc-
ture functions are attributive functions of the input
parameters. Let qðx;Q2;pijki¼1Þ be the evolved distri-
bution at Q2 depending on the parameters pijki¼1.

Then its correlated error as given by Gaussian error
propagation is [35]

��qðx;Q2Þ ¼
�Xk
i¼1

�
@�q

@pi

�
2
Cðpi; piÞ

þ Xk
i�j¼1

�
@�q

@pi

@�q

@pj

�
Cðpi; pjÞ

�1
2
; (49)

where Cðpi; pjÞ are the elements of the covariance ma-

trix obtained in the QCD fit procedure at the scale Q2
0.

The covariance matrix does not change when the evolu-
tion is done in Mellin or Laplace space. That means it
can be used at any scale of Q2. The gradients @�q=@pi

at this scale can be calculated analytically. Its value at
Q2 is calculated by evolution, and the gradients evolved
in desired space are then transformed back to x space
and are used according to Eq. (49). Here we give an
example of the gradient for the polarized valence distri-
butions q ¼ uv, dv in Laplace space, based on the final
variable parameter aq:

@L½�q�ðsÞ
@aq

¼
�
Bðsþ aq;1þ bqÞ

�
�ð1þ bqÞdqðsþ aq þ bq þ 1þ ðsþ aqÞdqÞ

ð1þ aq þ bqÞ2ðsþ aq þ bq þ 1Þ � ðc ðaqÞ � c ð1þ aq þ bqÞÞ

�
�
1þ aqdq

1þ aq þ bq

��
1þ ðsþ aqÞdq

sþ aq þ bq þ 1

�
þ ðc ðsþ aqÞ � c ðsþ 1þ aq þ bqÞÞ

�
1þ aqdq

1þ aq þ bq

�

�
�
1þ ðsþ aqÞdq

sþ 1þ aq þ bq

�
þ ð1þ bqÞdqð1þ bq þ aqð1þ dqÞÞ

ð1þ aq þ bqÞðsþ 1þ aq þ bqÞ2
�
�q

���
Bðaq;1þ bqÞ

�
1þ aqdq

1þ aq þ bq

�
2
�
:

(50)

This equation helps us to obtain the required gradients to
follow the error calculations for the polarized structure
functions gp1 , g

n
1 , and gd1 .

A. Neighborhood of global
minimum via Hessian method

Here we just present the essential points of the Hessian
method. The full procedure is provided in Refs. [36–38].

As we mentioned in the first part of Sec. V, we can find a
set of the appropriate parameters which minimize the
global �2 function and denote this PPDF set by S0. Let
us present these parameters by p0

1 . . .p
0
n as we did in

Sec. VI. By moving the parameters away from their ob-
tained values, �2

global increases by the amount of ��2
global:

��2
global¼�2

global��2
0¼

Xd
i;j¼1

Hijðpi�p0
i Þðpj�p0

j Þ; (51)

where the Hessian matrix Hij is defined by

Hij ¼ 1

2

@2�2
global

@pi@pj

��������min
; (52)

and we note that in Eq. (49)C � H�1. Now it is convenient
to work in terms of the eigenvalues and eigenvectors of
covariance matrix

Xn
j¼1

Cij
jk ¼ �k
ik; (53)

where Cij is the ijth component of covariance matrix and

�k and 
ik are the kth eigenvalue and ith component of the
kth eigenvector, respectively. Also the displacement of
parameter pi from its minimum p0

i can be expressed in
terms of rescaled eigenvectors eik ¼

ffiffiffiffiffiffi
�k

p
vik:

pi � p0
i ¼

Xn
k¼1

eikzk: (54)

Replacing Eq. (54) in Eq. (51) and considering the or-
thogonality of 
k, we obtain

��2
global ¼

Xn
k¼1

znk: (55)

Now the relevant neighborhood of �2
global is the interior of

the hypersphere with radius T:
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Xn
k¼1

z2k � T2; (56)

and the neighborhood parameters are given by

piðs�k Þ ¼ p0
i � teik; (57)

where sk is the kth set of PPDFs and t is adapted to make

the desired T ¼ ð��2
globalÞ12 and t ¼ T in the quadratic

approximation. In Sec. V, we indicated the dependence
of ��2

global along some random samples of eigenvector

directions to test the quadratic approximation of Eq. (51).
In the preliminary QCD fit process we let all input

parameters vary and investigate the global behavior of
��2. We observe global ��2 increase consumedly in
some points, and a big amount of redundance in parameters
happens. This redundancy results in disorder of quadratic

behavior of global ��2. In order for the Hessian method to
work well, we need to fix some parameters at their best
obtained values so that the Hessian matrix depends on the
number of parameters which are independent sufficiently
for the quadratic behavior of global ��2. To complete the
calculations, we need to detail constraints in parameter
space along some random samples of eigenvector direc-
tions and eigenvalues. The curves for some values of �k are
very close to the ideal quadratic curve ��2 ¼ t2 as can be
seen in Figs. 4 and 5 at LO and NLO approximations.
Therefore we see some departure of the ideal quadratic
curve, which indicates that the quadratic approximation is
almost adequate, though imperfect.

VII. RESULTS AND DISCUSSION

In this section we present the results that have been
obtained for the PPDFs, using the Laplace transformation
technique to solve analytically the DGLAP evolution equa-
tions. We depict in Fig. 6 the polarized proton structure
function at the LO approximation in which comparison
with the available experimental data and some fitting pa-
rametrization models has also been done. In Fig. 7, we plot
at LO and NLO approximations the proton, neutron, and
deuteron structure functions at different energy scales and
compare them with available experimental data [22]. To
avoid having the figures with crowded plots, the compari-
son with some fitting parametrization models has been
discarded in this figure and the following ones. In Fig. 8,
we compare our results for the nonsinglet spin structure
function [gNS1 ¼ 1

6 ð�uvðxÞÞ � �dvðxÞÞ] with those from

SMC, E143, and HERMES Collaborations [21,22,24,39].
We use from the SMC data group and depict in Fig. 9 the
xgp1 structure function at Q2 ¼ 10 GeV2 in the LO and
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FIG. 5 (color online). ��2 as a function of t defined for some
random sample eigenvectors at the NLO approximations. The
solid line is the ideal case, ��2 ¼ t2.
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FIG. 4 (color online). ��2 as a function of t for some random
sample eigenvectors in the LO approximations. The solid line is
the ideal case, ��2 ¼ t2.
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FIG. 6 (color online). Proton spin structure function, resulting
from our model (solid curve) at LO approximation and its
comparison with some fitting parameterizations [35,43–46] and
SMC [21], E143 [22], and HERMES [25] experimental data
groups.
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NLO approximations. The comparison with the experi-
mental data indicates an improvement of the NLO result
with respect to the LO one. In Fig. 10, the same story
is repeated and comparison with the E154 data group is
done [30].
The first moment for PPDFs can be calculated in

Laplace space. Therefore we can find the contribution of
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FIG. 7 (color online). Proton, neutron, and deuteron spin structure functions at LO and NLO approximations with E143 experimental
data [22].
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each parton to the spin of the proton. In the LO approxi-
mation, the first moments for valence and sea distributions
are constant, and only the first moment for the gluon
changes by Q2. For PPDFs at Q2 ¼ 4 GeV2 we get

�uv ¼ 0:928; �dv ¼ �0:342;

��q ¼ �0:066 1596; �g ¼ 3:393 28:
(58)

For the gluon distribution at Q2 ¼ 100 GeV2 we get
�g ¼ 4:626 63, which indicates that the first moment of
the gluon polarization has been changed dominantly with
respect to its previous value, as we expect. At the NLO
approximation these first moments are not constant and
will change by Q2. The results are tabulated in Table III.
The behaviors of changing the first moments with respect
to Q2 are as we expect and confirm the validity of our
calculations.

In our QCD fitting analysis, the universal transmuted
cutoff parameter � is a free parameter. So we can achieve

the numerical value of the � parameter in the MS scheme,
as indicated in Table I. We can then estimate the renormal-
ized coupling constant �sðQ2Þ at different values ofQ2. At
Q2

0 ¼ 4 GeV2 and in the NLO approximation we get the

numerical value �sðQ2
0Þ ¼ 0:2194� 0:0178, and at the

scale of Z boson mass we get �ðM2
z Þ ¼ 0:1177� 0:0042,

which are in good agreement with what was reported in
Refs. [40,41].

By integrating Eq. (32) we can calculate the �p
1 at Q2 ¼

10 GeV2 and obtain

�p
1 ¼0:128191; �n

1 ¼�0:0580497; �d
1 ¼0:0320196

at LO approximation, and at the NLO approximation we
get

�p
1 ¼0:128988; �n

1 ¼�0:0670665; �d
1 ¼0:0282673;

which are in good agreement with what has been reported
in Refs. [17,42].

VIII. CONCLUSION

In this paper, we used the Laplace transformation tech-
nique to extract the PPDFs inside the nucleon. Our main
gradient of this paper was to apply the method of Block
et al. in Refs. [1–3] to the polarized case. Following this
method, using the Laplace transformation, we indicated
that this method works well in which we were able to
extract the polarized parton distribution functions for the
nonsinglet, singlet, and gluon densities.
In continuation of our calculation, we obtained the

polarized proton and neutron structure functions. At first
we focused on the valence quark polarization inside the
nucleon and calculated the nonsinglet sector of the spin
structure function. We then extended our calculations to
the polarized gluon and singlet sectors. We finally ex-
tracted the polarized nucleon and deuteron structure
functions at different values ofQ2 in LO and NLO approx-
imations of QCD analysis.
The calculation in the LO approximation could be done by

just oneLaplace transformation from x ¼ e� space to s space.
At the NLO approximation, we needed additionally the sec-
ond Laplace transformation from � space to what was called
U space. The solutions for the singlet and gluon distributions
at NLO approximation could be done by an iteration which
we followed in this paper up to the second order.
The advantage of the analytical solutions for the PPDFs

in Laplace transformed s space is that it enables us to
achieve strictly analytical solutions for the parton densities
in terms of the Bjorken-x variable. We do not have this
ability when we use the Mellin moments, where in that
case the calculations can be followed just numerically.
Using this technique has its own benefits from the point
of its transparency to make us able to dominate over the
details of calculations more straightforwardly.
As an auxiliary technique, we employed the Jacobi

polynomial approach to achieve the polarized nucleon
structure function in the ðx;Q2Þ plane while we used the
moments of PPDFs in s-(Laplace) space. We discussed
also how the parameterizations are obtained by emphasis
on computing the �2

global, covariant, and Hessian matrices.

By accessing the analytical solutions for the polarized
parton distributions which lead us to the polarized nucleon
structure functions, it is straightforward to extend the cal-
culations to obtain the structure functions for nuclei which
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FIG. 10 (color online). Neutron spin structure function at the
LO and NLO approximations at Q2 ¼ 5 GeV2 and its compari-
son with the available experimental data [30].

TABLE III. The first moment of the valence, sea, and gluon
polarization in the NLO approximation at different values of Q2,
resulting from our analysis.

Q2 1 GeV2 10 GeV2 20 GeV2 200 GeV2

�uv 0.928 167 0.927 917 0.927 834 0.927 602

�dv �0:342 061 �0:341 969 �0:341 939 �0:341 853
� �q �0:060 193 8 �0:079 779 8 �0:099 576 9 �0:118 883
�g 2.256 38 2.835 73 2.991 13 3.469 68
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can be considered a new research task in the future. Using
other orthogonal hypergeometrical functions rather than the
Jacobi polynomials in the fit, say, for instance, Hermit
polynomials, might make easier the fit and would be an
interesting subject to follow in our further research activity.
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APPENDIX A

We present here the results for the different splitting and
Wilson coefficient functions, denoted by Cq and Cg at the

NLO approximation, in the Laplace transformed, s space.

�NLO
NS� ¼ C2

f

�
3

8
� �2

2
� 1

ðsþ 1Þ3 �
5

sþ 1
� 1

ðsþ 2Þ3 þ
2

ðsþ 2Þ2 þ
5

sþ 2
þ 1

ðsþ 1Þ2 þ 2ð�E þ c ðsþ 2Þ

� ðsþ 1Þc 0ðsþ 2ÞÞ 1

ðsþ 2Þ2 2ð�E þ c ðsþ 3Þ � ðsþ 2Þc 0ðsþ 3ÞÞ

� 4

�
ð�E þ c ðsþ 1ÞÞc 0ðsþ 1Þ � 1

2
c 00ðsþ 1Þ

�
þ 6
ð3Þ þ 3c 0ðsþ 1Þ

�

þ CfCa

�
17

24
þ 11�2

18
� 1

ðsþ 1Þ3 þ
5

6ðsþ 1Þ2 þ
53

18ðsþ 1Þ þ
�2

6ðsþ 1Þ �
1

ðsþ 2Þ3

þ 5

6ðsþ 2Þ2 �
187

18ðsþ 2Þ þ
�2

6ðsþ 2Þ � 3
ð3Þ � 11

3
c 0ðsþ 1Þ � c 00ðsþ 1Þ

�
þ CfTf

�
� 1

6
� 2�2

9
� 2

3ðsþ 1Þ2

� 2

9ðsþ 1Þ �
2

3ðsþ 2Þ2 þ
22

9ðsþ 2Þ þ
4

3
c 0ðsþ 1Þ

�
�

�
C2
f �

1

2
CaCf

��
2

ðsþ 1Þ3 �
2

ðsþ 1Þ2 þ
4

sþ 1
� �2

3ðsþ 1Þ
� 2

ðsþ 2Þ3 �
2

ðsþ 2Þ2 þ
0:04

sþ 2
þ �2

3ðsþ 2Þ þ
4

ðsþ 3Þ3 �
9:972

sþ 4
þ 2�2

3ðsþ 4Þ þ
4

ðsþ 5Þ3 �
10:952

sþ 5
� 2�2

3ðsþ 5Þ
� 4

ðsþ 6Þ3 þ
10:092

sþ 6
þ 2�2

3ðsþ 6Þ �
12:616

sþ 7
þ 2:44

sþ 8
� 3:328

sþ 9

0:856

sþ 10
� 0:208

sþ 11
þ 4:4

sþ 12
þ 1

ðsþ 1Þ3

�
�
�8þ ðsþ 1Þ ln ð16Þ þ 2ðsþ 1Þc

�
1þ s

2

�
� 2ð1þ sÞc

�
sþ 1

2

�
� ðsþ 1Þ2

�
c 0

�
1þ s

2

�
� c 0

�
sþ 1

2

���

� 1

ðsþ 2Þ3
�

16

ðsþ 1Þ2 þ
12s

ðsþ 1Þ2 þ ðsþ 2Þ ln ð16Þ � 2ðsþ 2Þc
�
1þ s

2

�
þ 2ðsþ 2Þc

�
sþ 1

2

�

þ ðsþ 2Þ2
�
c 0

�
1þ s

2

�
� c 0

�
sþ 1

2

���
� 1

ðsþ 3Þ3 2
�
164þ 284sþ 188s2 þ 60s3 þ 8s4

ðsþ 1Þ2ðsþ 2Þ2

� 4ðsþ 3Þ ln ð2Þ � 2ðsþ 3Þc
�
1þ s

2

�
þ 2ðsþ 3Þc

�
sþ 1

2

�
þ ðsþ 3Þ2

�
c 0

�
1þ s

2

�
� c 0

�
sþ 1

2

���

� 2

ðsþ 4Þ3
�
2176þ 4392sþ 3504s21408s3 þ 288s4 þ 24s5

ðsþ 1Þ2ðsþ 2Þ2ðsþ 3Þ2 þ 4ðsþ 4Þ ln ð2Þ

� 2ðsþ 4Þ
�
c

�
1þ s

2

�
� c

�
sþ 1

2

��
þ ðsþ 4Þ2

�
c 0

�
1þ s

2

�
� c 0

�
sþ 1

2

���

� 1

ðsþ 5Þ3 2
�
57328þ 146144sþ 162160s2 þ 103728s3 þ 42144s4 þ 11160s5 þ 1880s6 þ 184s7 þ 8s8

ðsþ 1Þ2ðsþ 2Þ2ðsþ 3Þ2ðsþ 4Þ2

� 4ðsþ 5Þ ln ð2Þ � 2ðsþ 5Þ
�
c

�
1þ s

2

�
þ c

�
sþ 1

2

��
þ ðsþ 5Þ2

�
c

�
1þ s

2

�
� c

�
sþ 1

2

���

� 1

ðsþ 6Þ2 2
�
ln ð16Þ � 2c

�
4þ s

2

�
þ 2c

�
sþ 7

2

�
þ ðsþ 6Þc 0

�
4þ s

2

�
� ðsþ 6Þc 0

�
sþ 7

2

���
; (A1)

��NLO
qq ðsÞ ¼ 2CfTf

�
� 2

ðsþ 1Þ3 þ
1

ðsþ 1Þ2 þ
1

sþ 1
� 2

ðsþ 2Þ3 �
3

ðsþ 2Þ2 �
1

sþ 2

�
; (A2)

NLO ANALYTICAL SOLUTIONS TO THE POLARIZED . . . PHYSICAL REVIEW D 87, 114012 (2013)

114012-13



2f��NLO
f ¼CaTf

�
� 4

ðsþ1Þ3�
2

ðsþ1Þ2þ
24

sþ1
� 2�2

3ðsþ1Þþ
8

ðsþ2Þ3�
16

ðsþ2Þ2�
22

sþ2
þ 4�2

3ðsþ2Þ�
0:656

sþ3

�3:964

sþ4
þ10:228

sþ5
þ2:744

sþ6
�6:392

sþ7
þ 4:4

sþ8
þ 8

sþ1
ð�Eþc ðsþ2ÞÞ� 8

sþ2
ð�Eþc ðsþ3ÞÞþ 1

ðsþ1Þ3
�

�
�
�8þðsþ1Þlnð16Þþ2ðsþ1Þc

�
1þ s

2

�
�2ðsþ1Þc

�
sþ1

2

�
ðsþ1Þ2c 0

�
1þ s

2

�
þðsþ1Þ2c 0

�
sþ1

2

��

� 2

ðsþ2Þ2
�

16

ðsþ1Þ2þ
12s

ðsþ1Þ2þðsþ2Þ lnð16Þ�2ðsþ2Þc
�
1þ s

2

�
þ2ðsþ2Þc

�
sþ1

2

�

þðsþ2Þ2c 0
�
1þ s

2

�
�ðsþ2Þ2c 0

�
sþ1

2

��
þ 2

6ðsþ1Þð�
2þ6ð�Eþc ðsþ2ÞÞ2�6c 0ðsþ2ÞÞ

� 4

6sþ12
ð�2þ6ð�Eþc ðsþ3ÞÞ2�6c 0ðsþ3ÞÞþCfTf

�
� 2

ðsþ1Þ3þ
9

ðsþ1Þ2�
22

sþ1
þ 2�2

3ðsþ1Þ
þ 4

ðsþ2Þ3þ
27

sþ2
� 4�2

3ðsþ2Þ�
8

sþ1
ð�Eþc ðsþ2ÞÞþ 8

sþ2
ð�Eþc ðsþ3ÞÞ

� 2

6sþ6
ð�2þ6ð�Eþc ðsþ2ÞÞ2�6c 0ðsþ2Þþ 4

ðsþ1Þ2 ð�Eþc ðsþ2ÞÞ�ðsþ1Þc 0ðsþ2Þ

þ 4

6sþ12
ð�2þ6ð�Eþc ðsþ3ÞÞ2�6c 0ðsþ3ÞÞ� 8

ðsþ2Þ2 ðð�Eþc ðsþ3ÞÞ�ðsþ2Þc 0ðsþ3ÞÞ
�
; (A3)

��NLO
g ¼CfTf

�
� 16

9ðsþ1Þ�
4

9ðsþ2Þþ
8

3ðsþ1Þð�Eþc ðsþ2ÞÞ� 4

3ðsþ2Þð�Eþc ðsþ3ÞÞ
�
C2
f

�
2

ðsþ1Þ3þ
2

ðsþ1Þ2�
9

2ðsþ1Þ
� 1

ðsþ2Þ3�
1

2ðsþ2Þ2þ
2

ðsþ1Þð�Eþc ðsþ2ÞÞ 1

sþ2
ð�Eþc ðsþ3ÞÞ� 1

6sþ6
ð�2þ6ð�Eþc ðsþ2ÞÞ2�6c 0ðsþ2ÞÞ

�

þCaCf

�
5

ðsþ1Þ3�
4

ðsþ1Þ2þ
41

9ðsþ1Þ�
�2

6ðsþ1Þ�
5

2ðsþ2Þ3þ
13

ðsþ2Þ2þ
35

9ðsþ2Þþ
�2

12ðsþ2Þþ
0:328

sþ3
þ2:474

sþ4

�1:157

sþ5
�1:129

sþ6
þ1:624

sþ7
�0:55

sþ8
� 10

3ðsþ1Þð�Eþc ðsþ2ÞÞ� 1

3ðsþ2Þð�Eþc ðsþ3ÞÞ� 1

2ðsþ1Þ3

�
�
�8ðsþ1Þlnð16Þ2ðsþ1Þc

�
1þs

2

�
�2ðsþ1Þc

�
sþ1

2

�
�ðsþ1Þ2

�
c 0

�
1þs

2

�
þc 0

�
sþ1

2

���

þ 1

4ðsþ2Þ3
�

16

ðsþ1Þ2þ
12s

ðsþ1Þ2þð2þsÞlnð16Þ�2ðsþ2Þc
�
1þs

2

�
þ 2

6sþ6
ð�2þ6ð�Eþc ðsþ2ÞÞ2�6c 0ðsþ2ÞÞ

� 4

ðsþ1Þ2ðð�Eþc ðsþ2ÞÞ�ðsþ1Þc 0ðsþ2Þ� 1

6sþ12
ð�2þ6ð�Eþc ðsþ3ÞÞ2�6c 0ðsþ3ÞÞ

þ 2

ðsþ2Þ2ð�Eþc ðsþ3ÞÞ2�ðsþ2Þc 0ðsþ3ÞÞ
�
; (A4)

��NLO
g ¼ �CfTf

�
1þ 4

ðsþ 1Þ3 �
10

ðsþ 1Þ2 þ
10

sþ 1
þ 4

ðsþ 2Þ3 þ
2

ðsþ 2Þ2 �
10

sþ 2

�
� CaTf

�
4

3
� 4

3ðsþ 1Þ2 þ
56

9ðsþ 1Þ
� 4

3ðsþ 2Þ2 �
76

9ðsþ 2Þ
�
þ C2

a

�
12:5456754þ 4

ðsþ 1Þ3 þ
134

9ðsþ 1Þ �
2�2

3ðsþ 1Þ �
8

ðsþ 2Þ3 �
268

9ðsþ 2Þ
þ 4�2

3ðsþ 2Þ �
67

9
ð�E þ c ðsþ 1ÞÞ þ 1

3
�2ð�E þ c ðsþ 1Þ � 1

9
ð�67þ 3�2Þð�E þ c ðsþ 1ÞÞ

� 8

ðsþ 1Þ2 ð�E þ c ðsþ 2Þ � ðsþ 1Þc 0ðsþ 2ÞÞ þ 16

ðsþ 2Þ2 ð�E þ c ðsþ 3Þ � ðsþ 1Þc 0ðsþ 3ÞÞ

� 4

�
ð�E þ c ðsþ 1ÞÞc 0ðsþ 1Þ � 1

2
c 00ðsþ 1Þ

�
� c 00ðsþ 1Þ

�
; (A5)

S. ATASHBAR TEHRANI et al. PHYSICAL REVIEW D 87, 114012 (2013)

114012-14



Cq ¼ � 4

3

�
9

2
þ �2

3

�
þ 8

3ðsþ 2Þ þ
4

3ðsþ 2Þ þ
4ð�E þ c ðsþ 2ÞÞ

3ðsþ 1Þ þ 4ð�E þ c ðsþ 3ÞÞ
3ðsþ 2Þ þ 4

3
c 0ðsþ 1Þ þ 4

3
c 0ðsþ 3Þ;

(A6)

Cg ¼ 1

2

�
2

sþ 1
� 2

sþ 2
þ �E þ c ðsþ 1Þ

sþ 1
� 2ð�E þ c ðsþ 2ÞÞ

sþ 2

�
: (A7)

APPENDIX B

We bring in below the coefficients of singlet and gluon distributions of Eq. (26), kða1; b1; s; �Þ’s, in the Laplace
transformed, s space.

kff ¼ 1

2RðsÞb1ðR2ðsÞ � b21Þ
e
1
2�ð��fþ��g�RðsÞ�2b1Þ

�
2a1e

RðsÞ�
2 b21

�
2 sinh

�
�RðsÞ
2

�
��f��g � ð�1þ e�b1Þ��f

�
�
RðsÞ cosh

�
�RðsÞ
2

�
þ sinh

�
�RðsÞ
2

�
ð��f � ��gÞ

��
4a1e

1
2�ðRðsÞþb1Þ sinh

�
�b1
2

��
R2ðsÞ sinh

�
�RðsÞ
2

�

� ð��f��g þ ��fð��f � ��gÞÞ þ RðsÞ cosh
�
�RðsÞ
2

�
ð��fð��f � ��gÞ2 þ ��f��gð3��f � ��gÞÞ

� e�b1b31ðRðsÞ � ��f þ eRðsÞ�ðRðsÞ þ ��f � ��gÞ þ ��gÞ þ b1

�
e�b1ð��f � ��gÞ2ðRðsÞ � ��f

þ eRðsÞ�ðRðsÞ��f � ��gÞ þ ��f��g

�
a1ðRðsÞ � ��f � ��g þ eRðsÞ�ðRðsÞ þ ��f þ ��gÞÞ þ 2e

1
2�ðRðsÞþ2b1Þ

�
�
ð4� a1ÞRðsÞ cosh

�
�RðsÞ
2

�
þ sinh

�
�RðsÞ
2

�
ðð4þ a1Þ��f � ð4� a1Þ��gÞ

�����
; (B1)

kfg ¼ 1

2RðsÞb1ðR2ðsÞ � b21Þ
e
1
2�ð��fþ��g�RðsÞ�2b1Þ��f

�
�2e�b1ð�1þ e�b1Þb31 þ 4a1e

1
2�ðRðsÞþ2b1Þ sinh

�
�b1
2

�

�
�
RðsÞ cosh

�
�RðsÞ
2

�
ð2��f��g þ ��fð��f � ��gÞÞ þ R2ðsÞ sinh

�
�RðsÞ
2

�
��f

�
� 4a1e

1
2�ðrþb1Þb21

�
sinh

�
�b1
2

�

�
�
RðsÞ cosh

�
�RðsÞ
2

�
þ ��f sinh

�
�RðsÞ
2

��
� ��g cosh

�
�b1
2

�
sinh

�
�RðsÞ
2

��

þ b1

�
2ð�1þ e�RðsÞÞða1 þ ð4þ a1Þe�b1Þ��f��g þ a1��gðRðsÞ þ ��f � ��g þ e�RðsÞðRðsÞ � ��f � ��gÞÞ

þ 2e
1
2�ðRðsÞþ2b1Þ � a1RðsÞ cosh

�
�RðsÞ
2

�
��g þ sinh

�
�RðsÞ
2

�
ð���f þ ��gÞð�2��f þ ð2þ a1Þ��gÞ

��
; (B2)

kgf ¼ 1

RðsÞb1ð�R2ðsÞ þ b21Þ
2e

1
2�ð��fþ��g�b1Þ��g

�
e
�b1
2 sinh

�
�RðsÞ
2

�
b1ðb21 � 4��f��g � ð��f � ��gÞ2Þ

þ a1

�
� cosh

�
�b1
2

�
sinh

�
�RðsÞ
2

�
b1ð2��f��g þ ��fðb1 þ ��f � ��gÞÞ þ sinh

�
�b1
2

��
sinh

�
�RðsÞ
2

�

� ðb21 � R2ðsÞÞ��g þ RðsÞ cosh
�
�RðsÞ
2

�
ð�2��f��g þ ðb1 þ ��f � ��gÞðb1 þ ��gÞÞ

���
; (B3)
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kgg ¼ 1

RðsÞb1ð�R2ðsÞ þ b21Þ
e
1
2�ð��fþ��g�2b1Þ

�
ð�1þ e�b1Þa1

�
RðsÞ cosh

�
�RðsÞ
2

�
ð���f��gð��f � 3��gÞ

þ ð�b21 þ ð��f � ��gÞ2Þ��gÞ þ sinh

�
�RðsÞ
2

�
ðR2ðsÞ��f��g þ ðR2ðsÞ � b21Þ��gð���f þ ��gÞÞ

�

þ b1

�
sinh

�
�RðsÞ
2

�
��3

f þ a1��f��g

�
RðsÞ cosh

�
�RðsÞ
2

�
þ sinh

�
�RðsÞ
2

�
ð2b1 þ ��f þ ��gÞ

��

þ e�b1b1

�
RðsÞ cosh

�
�RðsÞ
2

�
ð�b21 þ ð4� a1Þ��f��g þ ð��f � ��gÞ2Þ þ sinh

�
�RðsÞ
2

�
ðb21ð��f � ��gÞ

þ ��f��gðð�4þ a1Þ��f þ ð4þ a1Þ��gÞ þ ��gð3��2
f � 3��f��g þ ��2

gÞÞ
��
: (B4)
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